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Example #1: Basketball Player Trajectories

• 𝑠 = location of players & ball
• 𝑎 = next location of player

• Training set: 𝐷 = 𝑠, �⃗�
• 𝑠 = sequence of 𝑠
• �⃗� = sequence of 𝑎

• Goal: learn ℎ(𝑠) → 𝑎
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Abstract

We study the problem of modeling spatiotemporal trajectories over long time
horizons using expert demonstrations. For instance, in sports, agents often choose
action sequences with long-term goals in mind, such as achieving a certain strategic
position. Conventional policy learning approaches, such as those based on Markov
decision processes, generally fail at learning cohesive long-term behavior in such
high-dimensional state spaces, and are only effective when fairly myopic decision-
making yields the desired behavior. The key difficulty is that conventional models
are “single-scale” and only learn a single state-action policy. We instead propose a
hierarchical policy class that automatically reasons about both long-term and short-
term goals, which we instantiate as a hierarchical neural network. We showcase our
approach in a case study on learning to imitate demonstrated basketball trajectories,
and show that it generates significantly more realistic trajectories compared to
non-hierarchical baselines as judged by professional sports analysts.

1 Introduction

Figure 1: The player (green)

has two macro-goals: 1)

pass the ball (orange) and

2) move to the basket.

Modeling long-term behavior is a key challenge in many learning prob-
lems that require complex decision-making. Consider a sports player
determining a movement trajectory to achieve a certain strategic position.
The space of such trajectories is prohibitively large, and precludes conven-
tional approaches, such as those based on simple Markovian dynamics.

Many decision problems can be naturally modeled as requiring high-level,
long-term macro-goals, which span time horizons much longer than the
timescale of low-level micro-actions (cf. He et al. [8], Hausknecht and
Stone [7]). A natural example for such macro-micro behavior occurs in
spatiotemporal games, such as basketball where players execute complex
trajectories. The micro-actions of each agent are to move around the
court and, if they have the ball, dribble, pass or shoot the ball. These
micro-actions operate at the centisecond scale, whereas their macro-goals,
such as "maneuver behind these 2 defenders towards the basket", span
multiple seconds. Figure 1 depicts an example from a professional basketball game, where the player
must make a sequence of movements (micro-actions) in order to reach a specific location on the
basketball court (macro-goal).

Intuitively, agents need to trade-off between short-term and long-term behavior: often sequences of
individually reasonable micro-actions do not form a cohesive trajectory towards a macro-goal. For
instance, in Figure 1 the player (green) takes a highly non-linear trajectory towards his macro-goal of
positioning near the basket. As such, conventional approaches are not well suited for these settings,
as they generally use a single (low-level) state-action policy, which is only successful when myopic
or short-term decision-making leads to the desired behavior.

30th Conference on Neural Information Processing Systems (NIPS 2016), Barcelona, Spain.



Example #2: Learning to Plan

• 𝑠 = location of robots
• 𝑎 = next location self robot

• Training set: 𝐷 = 𝑠, �⃗�
• 𝑠 = sequence of 𝑠
• �⃗� = sequence of 𝑎

• Goal: learn ℎ(𝑠) → 𝑎



Towards Real-World Applications

Background: Risk-Aware Path Planning

Finds a control sequence that minimizes the expected value of

a cost function

While limiting the probability of crashing into obstacles over

the planning horizon (chance constraint)

Demonstration of Risk
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Side Constraints (Smoothness)

Coordinated Learning Learning to Optimize

Speech Animation
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Towards Real-World Applications

Background: Risk-Aware Path Planning

Finds a control sequence that minimizes the expected value of

a cost function

While limiting the probability of crashing into obstacles over

the planning horizon (chance constraint)

Demonstration of Risk
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Side Constraints (Smoothness)

Coordinated Learning Learning to Optimize

Speech Animation
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Research Goals:
• Abstractions for domain experts
• Better inductive bias
• Reductions to conventional learning
• Composable theoretical guarantees
• Works well in practice



Automatically generate high-frequency animations (lip syncing)
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bold face x and y to denote input and output sequences, respec-
tively, and use unbolded x and y to refer to individual entries in the
sequences, which we also refer to as tokens or frames. Each output
frame y ∈ ℜD is represented as a point in some D-dimensional
space, and we use superscripts y(d) to refer to individual dimen-
sions in the output frame. We often think of the sequences as time-
varying, i.e., that frame yt temporally preceeds frame yt+1. For
example, in visual speech animation, x could correspond to an au-
dio sequence, and y could correspond to an animation sequence of
a face model with D degrees of freedom. Figure 1 depicts an illus-
tration of x and y, which corresponds to a phonetic input sequence
and a one-dimensional spatiotemporal output sequence correspond-
ing to one of the parameters of a face model animating to the word
“prediction”.

Following the standard machine learning setup, our goal is to
a learn a function h(x) := y that maps input sequences to spa-
tiotemporal output sequences. We restrict ourselves to the super-
vised learning scenario, where input/output pairs (x, y) are avail-
able for training and are assumed to come from some fixed distri-
bution P (x, y). The goal is to find a predictor h such that the risk
(i.e., expected loss),

LP (h) =

∫

ℓ(y, h(x))dP (x, y), (1)

is minimized. In this paper, we take the view of spatiotemporal
sequence prediction as a high-dimensional regression problem, and
thus use the squared L2 error,

ℓ(a, b) = ∥a − b∥2Fro,

to measure imperfections in the predicton h(x) when the true out-
put sequence is y.1

Of course, P (x, y) is unknown. But given a training set of in-
put/output pairs drawn from P (x, y),

S = {(xi, yi)}
N
i=1, (2)

we can instead approximately minimize (1) by minimizing the em-
pirical risk,

LS(h) =
∑

(x,y)∈S

ℓ(y, h(x)), (3)

which is equivalent to finding an h that minimizes the training loss.

3.1 Corrupted Training Data
We also consider the case where the output sequence (i.e., the

training label) may be corrupted in the training data. In particular,
we can now rewrite our training set as

S = {(xi, ỹi)}
N
i=1, (4)

where each ỹi is a potentially corrupted version of yi. Despite
training on corrupted ỹ, our goal is to still learn a predictor that
minimizes the risk on the original test distribution (1). The two
most common types of corruption are missing values [12, 36] and
misalignments [18, 20, 30, 41].

3.1.1 Missing Values
Missing values commonly occur when the spatiotemporal train-

ing data is generated from tracking data that has occlusions, such
as in human motion and articulatory datasets [15, 36]. For exam-
ple, if y corresponds to an animation sequence of a hand perform-
ing fingerspelling, then each dimension in an output frame y can
1In general, one could employ any convex error function without
significant modification to our approach.

Frame 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22
Token - p p r ih ih d d ih ih ih ih k k sh sh sh sh uh uh n -(a) x

y

“ P R E D I C T I O N ”Input speech:

(b)

Figure 1: Depicting an example (a) input x and (b) output y for
the application of visual speech animation. Each dimension of
y corresponds to a parameter of a face model. Only the first
dimension of y is depicted.

correspond to a specific tracked marker (e.g., the tip of a finger).
Such markers naturally become occluded during the course of fin-
gerspelling, which leads to missing values in the resulting y.

For any specific output frame y, the corresponding (partially)
corrupted ỹ can be defined element-wise as:

ỹ(d) =

{

? if y(d) is missing

y(d) otherwise
,

where ? denotes a missing value that could take on any real value.
More generally, one could also consider cases where the mea-

surements for the output frames have been corrupted by noise (e.g.,
due to technology limitations), which leads to ỹ being defined as:

ỹ(d) = y(d) + ϵ,

for independently distributed random noise variables ϵ.

3.1.2 Misalignments
Misalignments can arise due to imperfections in the tracking

technology for generating the spatiotemporal training data [30], or
from natural temporal variability in the phenomenon being studied
[18, 20, 41], or both. For simplicity, we restrict ourselves to non-
warping misalignments of the output spatiotemporal sequences. For
example, if x corresponds to an audio sequence and y corresponds
to the associated animation sequence, then x and y may not be per-
fectly aligned frame-by-frame.

For any y, the corresponding ỹ would be

ỹ = shiftk(y),

where shiftk(y) is a shift operator that simply shifts the frames
of y such that ỹi = yi−k. We deal with boundary cases by padding
the start and end of the spatiotemporal sequence y.2

More generally, one could also consider cases where the out-
put sequences have been warped due to natural human variation
or imperfections in performing certain actions [5, 20]. For exam-
ple, different people may form somewhat different lip shapes while
speaking the same sentence. In that sense, one can consider all
such observed trackings ỹ as some warping of an unobservable gold
standard animation sequence y.

4. DECISION TREE FRAMEWORK
Sequence prediction problems are distinguished from unstruc-

tured prediction problems (e.g., univariate regression or classifi-
cation) due to the assumption that there are salient dependencies
2Such practices are common in, e.g., animation (where a still pose
is maintained at the start and end of the tracked sequence) and audio
synthesis (where silence is maintained at the start and end of the
output sequence).
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correspond to a specific tracked marker (e.g., the tip of a finger).
Such markers naturally become occluded during the course of fin-
gerspelling, which leads to missing values in the resulting y.

For any specific output frame y, the corresponding (partially)
corrupted ỹ can be defined element-wise as:

ỹ(d) =

{

? if y(d) is missing

y(d) otherwise
,

where ? denotes a missing value that could take on any real value.
More generally, one could also consider cases where the mea-

surements for the output frames have been corrupted by noise (e.g.,
due to technology limitations), which leads to ỹ being defined as:

ỹ(d) = y(d) + ϵ,

for independently distributed random noise variables ϵ.

3.1.2 Misalignments
Misalignments can arise due to imperfections in the tracking

technology for generating the spatiotemporal training data [30], or
from natural temporal variability in the phenomenon being studied
[18, 20, 41], or both. For simplicity, we restrict ourselves to non-
warping misalignments of the output spatiotemporal sequences. For
example, if x corresponds to an audio sequence and y corresponds
to the associated animation sequence, then x and y may not be per-
fectly aligned frame-by-frame.

For any y, the corresponding ỹ would be

ỹ = shiftk(y),

where shiftk(y) is a shift operator that simply shifts the frames
of y such that ỹi = yi−k. We deal with boundary cases by padding
the start and end of the spatiotemporal sequence y.2

More generally, one could also consider cases where the out-
put sequences have been warped due to natural human variation
or imperfections in performing certain actions [5, 20]. For exam-
ple, different people may form somewhat different lip shapes while
speaking the same sentence. In that sense, one can consider all
such observed trackings ỹ as some warping of an unobservable gold
standard animation sequence y.

4. DECISION TREE FRAMEWORK
Sequence prediction problems are distinguished from unstruc-

tured prediction problems (e.g., univariate regression or classifi-
cation) due to the assumption that there are salient dependencies
2Such practices are common in, e.g., animation (where a still pose
is maintained at the start and end of the tracked sequence) and audio
synthesis (where silence is maintained at the start and end of the
output sequence).
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Output sequence

Goal: learn predictor
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E.g., [Sumner & Popovic 2004]

(chimp rig courtesy of Hao Li)
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Towards Real-World Applications

Background: Risk-Aware Path Planning

Finds a control sequence that minimizes the expected value of

a cost function

While limiting the probability of crashing into obstacles over

the planning horizon (chance constraint)

Demonstration of Risk
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Side Constraints (Smoothness)

Coordinated Learning Learning to Optimize

Speech Animation
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Data-Driven Ghosting using Deep Imitation Learning 
Hoang Le et al.  SSAC 2017

Data-Driven Ghosting

https://www.youtube.com/watch?v=WI-WL2cj0CA

Hoang
Le

https://www.youtube.com/watch?v=WI-WL2cj0CA


Naïve Baseline



State Representation

Data-Driven Ghosting using Deep Imitation Learning
Hoang Le, Peter Carr, Yisong Yue, Patrick Lucey.  SSAC 2017



But Who Plays Which Role?
• All we get are trajectories!
• Don’t know which belongs to which role.

• Need to solve a permutation problem
• Naïve baseline ignores this!



Coordination Model

Coordinated Multi-Agent Imitation Learning
Hoang Le, Yisong Yue, Peter Carr, Patrick Lucey.  ICML 2017

Hoang
Le



Learned Roles

LB

LCB

LMF



Towards Real-World Applications

Background: Risk-Aware Path Planning

Finds a control sequence that minimizes the expected value of

a cost function

While limiting the probability of crashing into obstacles over

the planning horizon (chance constraint)

Demonstration of Risk

3 / 32

Side Constraints (Smoothness)

Coordinated Learning Learning to Optimize

Speech Animation
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Naïve Approach

• Supervised learning of demonstration data
• Train predictor per frame
• Predict per frame

Actual Human Movement
Supervised with Smooth RegularizationIn practice, 2-step smoothing:



“ I want to use deep learning to optimize the design,      
manufacturing and operation of our aircrafts.  But   
I need some guarantees. ”    -- Aerospace Director



Behavioral Guarantees

Stability

B(x)

Safe 
Set      

Safety

of F which only contains complex predictors that behave similarly to some g 2 G. Hence, learning
h 2 H is equivalent to regularizing the behavior of the learned f to be close to some g 2 G. Any
certifiable properties of g may be (approximately) lifted to certify h. Another interesting aspect
of this approach is that the regularization is also enforced at test time, rather than only at training
time, which may have implications for learning efficiency and generalization. Similar concepts
of test-time regularization were studied in the context of posterior regularization for inference in
latent variable models [31, 110], but such settings are much simpler (e.g., single-shot inferences
rather than sequential decision making), and do not lead to certifiable guarantees on behavior.

3.1.2 Preliminary Results: Smooth Online Sequence Prediction

000
001
002
003
004
005
006
007
008
009
010
011
012
013
014
015
016
017
018
019
020
021
022
023
024
025
026
027
028
029
030
031
032
033
034
035
036
037
038
039
040
041
042
043
044
045
046
047
048
049
050
051
052
053

054
055
056
057
058
059
060
061
062
063
064
065
066
067
068
069
070
071
072
073
074
075
076
077
078
079
080
081
082
083
084
085
086
087
088
089
090
091
092
093
094
095
096
097
098
099
100
101
102
103
104
105
106
107

CVPR
#307

CVPR
#307

CVPR 2015 Submission #307. CONFIDENTIAL REVIEW COPY. DO NOT DISTRIBUTE.

Learning Online Smooth Predictors for Realtime Camera Planning

Anonymous CVPR submission

Paper ID 307

Abstract

Data-driven prediction methods are extremely useful in
many computer vision applications. However, the estima-
tors are normally learned within a time independent con-
text. When used for online prediction, the results are jittery.
Although smoothing can be added after the fact (such as
a Kalman filter), the approach is not ideal. Instead, tem-
poral smoothness should be incorporated into the learning
process. In this paper, we show how the ‘search and learn’
algorithm (which has been used previously for tagging parts
of speech) can be adapted to efficiently learn regressors for
temporal signals. We apply our data-driven learning tech-
nique to a camera planning problem: given noisy basketball
player detection data, we learn where the camera should
look based on examples from a human operator. Our exper-
imental results show how a learning algorithm which takes
into account temporal consistency of sequential predictions
has significantly better performance than time independent
estimators.

1. Introduction
In this work, we investigate the problem of determining

where a camera should look when broadcasting a basketball
game (see Fig. 1). Realtime camera planning shares many
similarities with online object tracking: in both cases, the
algorithms must constantly revise an estimated target posi-
tion as new evidence is acquired. Noise and other ambi-
guities cause non-ideal jittery trajectories: they are are not
good representations of how objects actually move, and in
camera planning, lead to unaesthetic results. In practice,
temporal regularization is employed to minimize jitter. The
amount of regularization is a design parameter, and controls
a trade-off between precision and smoothness. In contrast to
object tracking, smoothness is of paramount importance in
camera control: fluid movements which maintain adequate
framing are preferable to erratic motions which pursue per-
fect composition.

Model-free estimation methods, such as random forests,
are very popular because they can be learned directly from

Figure 1: Camera Planning. The objective is to predict
an appropriate pan angle for a broadcast camera based
on noisy player detection data. Consider two planning al-
gorithms (shown as blue and red curves in the schematic)
which both make the same mistake at time A but recover to a
good framing by C (the ideal camera trajectory is shown in
black). The blue solution quickly corrects by time B using
a jerky motion, whereas the red curve conducts a gradual
correction. Although the red curve has a larger discrepancy
with the ideal motion curve, its velocity characteristics are
most similar to the ideal motion path.

data. Often, the estimator is learned within a time indepen-
dent paradigm, and temporal regularization is integrated as
a post-processing stage (such as a Kalman filter). However,
this two stage approach is not ideal because the data-driven
estimator is prevented from learning any temporal patterns.
In this paper, we condition the data-driven estimator on pre-
vious predictions, which allows it to learn temporal patterns
within the data (in addition to any direct feature-based re-
lationships). However, this recursive formulation (similar
to reinforcement learning) makes the problem much more
difficult to solve. We employ a variant of the ‘search and
learn’ (SEARN) algorithm to keep training efficient. Its
strategy is to decouple the recursive relationships using an
auxiliary reference signal. This allows the predictor to be
learned efficiently using supervised techniques, and our ex-
periments demonstrate significant improvements when us-
ing this holistic approach.

Problem Definition In the case of camera planning, we
assume there is an underlying function f : X �! Y which
describes the ideal camera work that should occur at the

1

Figure 2:

We present one preliminary result that demonstrates the promise of this re-
search direction. In many continuous planning settings, the policy typically
receives a stream of input contexts and must make online decisions that max-
imizes utility subject to various constraints such as smoothness or stability.
Consider the example in Figure 2 from [17, 46]. Given a stream of contexts,
the ideal trajectory is the black line. However, our policy has detected that it
made a mistake at time A, and now must correct its mistake. The blue line
corresponds to a non-smooth correction, whereas the red line corresponds to a smooth correction
that recovers the black line at a slightly later time. If smooth behavior is desirable or required, then
the policy should be trained to behave like the red line rather than the blue line. Making smooth
context-aware predictions can be viewed as a structured prediction problem.

A fundamental challenge when using powerful function classes is the statistical inefficiency
of the function class, which results in many iterations of training (either imitation learning or
reinforcement learning) in order to generate enough training data to encourage the learned policy to
behave smoothly. However, there are already many well-studied smooth function classes, including
linear autoregressors and Kalman filters, whose primary limitation is that they cannot flexibly
condition on arbitrary context or input features. Can we design a function class and learning
algorithm to obtain the best of both worlds?

Our recent work [17, 46] demonstrated such an approach for the setting of Figure 1(b):

h(x) = argmin
a0

ka
0
� f(x)k2 + �ka

0
� g(x)k2 =

f(x) + �g(x)

1 + �
, (1)

where f denotes a black-box predictor and g denotes a smooth model-based approach. For G being
linear autoregressors and F being deep neural nets, we clearly have G ⇢ F and thus H ⇢ F . It is
straightforward to certify that a learned g 2 G outputs smooth trajectories (standard regularization
techniques can guarantee smoothness of linear autoregressors). For sufficiently large �, we can
thus certify that the learned h 2 H is (approximately) smooth.

We showed in [46] how to design a learning algorithm that can exploit smoothness properties
of H to train f and g for sequential decision making. The algorithm was designed for imitation
learning (e.g., smoothly imitating an expert demonstration of desired behavior), but in principle can
be adapted for reinforcement learning as well. In particular, we were able to prove a convergence
rate that is orders of magnitude faster than conventional imitation learning over F . The reasoning is
because enforcing smooth behavior allows the learning algorithm to extrapolate future behaviors.

7

Smoothness

Ideal Behavior

Unsmooth

Smooth Recovery

• Fairness
• Low-risk
• Temporal logic 
• Etc…

Possibly Others:



Blended Policy Class (solution concept)

Policy

Black Box Predictor Model-Based Controller

ℎ 𝑠 = 𝑎𝑟𝑔𝑚𝑖𝑛%& 𝑓 𝑠 − 𝑎′ ' + 𝜆 𝑔 𝑠 − 𝑎′ '

=
$ % &'( %

)&'

𝑎𝑟𝑔𝑚𝑖𝑛()(*,,)𝐿 ℎ s. t.

Hoang
Le

Smooth Imitation Learning for Online Sequence Prediction, Hoang Le, Andrew Kang, Yisong Yue, Peter Carr.  ICML 2016
Control Regularization for Reduced Variance Reinforcement Learning, Richard Cheng, Abhinav Verma, et al. ICML 2019

Richard
Cheng

w/ Certified Guarantees



Test-Time Functional Regularization

Complex Predictors F

Certified Complex
Predictors H

Smooth Imitation Learning for Online Sequence Prediction
Hoang Le, Andrew Kang, Yisong Yue, Peter Carr.  ICML 2016

𝑎𝑟𝑔𝑚𝑖𝑛()(*,,)𝐿 ℎ s. t.

Hoang
Le

ℎ 𝑠 = 𝑎𝑟𝑔𝑚𝑖𝑛%& 𝑓 𝑠 − 𝑎′ ' + 𝜆 𝑔 𝑠 − 𝑎′ '

=
$ % &'( %

)&'



Our Results

Smooth Imitation Learning for Online Sequence Prediction
Hoang Le, Andrew Kang, Yisong Yue, Peter Carr.  ICML 2016



2-Step Baseline

Qualitative Comparison

Learning Online Smooth Predictors for Real-time Camera Planning using Recurrent Decision Trees
Jianhui Chen, Hoang Le, Peter Carr, Yisong Yue, Jim Little.  CVPR 2016

Our Approach



Summary: Functional Regularization (cont.)
• Control methods => analytic guarantees

• Blend w/ learning => improve precision/flexibility

• Preserve side guarantees

• Interpret as functional regularization

• Other directions:

(side guarantees)

(possibly relaxed)

(speeds up learning)

(real-world improvements)

Batch Policy Learning under Constraints
Hoang Le, Cameron Voloshin, Yisong Yue. ICML 2019

Imitation-Projected Programmatic Reinforcement Learning
Abhinav Verma, Hoang Le, Yisong Yue, Swarat Chaudhuri. NeurIPS 2019

(offline learning)

(programmatic controllers)



Towards Real-World Applications

Background: Risk-Aware Path Planning

Finds a control sequence that minimizes the expected value of

a cost function

While limiting the probability of crashing into obstacles over

the planning horizon (chance constraint)

Demonstration of Risk
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Speech Animation



Optimization as Sequential Decision Making

• Many Solvers are Sequential
• Tree-Search
• Greedy
• Gradient Descent

• Can view solver as “agent” or “policy”
• State = intermediate solution
• Find a state with high reward (solution)
• Learn better local decision making



Optimization as Sequential Decision Making
Learning to Search/Plan
• Discrete Optimization (Tree Search), Sparse Rewards
• Learning to Search via Retrospective Imitation [arXiv]
• Co-training for Policy Learning [UAI 2019]
• GLAS: Global-to-Local Safe Autonomy Synthesis [RA-L 2020]
• A General Large Neighborhood Search Framework for Solving Integer Programs [NeurIPS 2020]

Contextual Submodular Maximization
• Discrete Optimization (Greedy), Dense Rewards
• Learning Policies for Contextual Submodular Prediction [ICML 2013]

Learning to Infer
• Continuous Optimization (Gradient-style), Dense Rewards
• Iterative Amortized Inference [ICML 2018]
• A General Method for Amortizing Variational Filtering [NeurIPS 2018]
• Iterative Amortized Policy Optimization [arXiv]

Stephane Ross

Joe Marino

Jialin Song Ben Riviere
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Optimization as Sequential Decision Making
Learning to Search/Plan
• Discrete Optimization (Tree Search), Sparse Rewards
• Learning to Search via Retrospective Imitation [arXiv]
• Co-training for Policy Learning [UAI 2019]
• GLAS: Global-to-Local Safe Autonomy Synthesis [RA-L 2020]
• A General Large Neighborhood Search Framework for Solving Integer Programs [NeurIPS 2020]

Contextual Submodular Maximization
• Discrete Optimization (Greedy), Dense Rewards
• Learning Policies for Contextual Submodular Prediction [ICML 2013]

Learning to Infer
• Continuous Optimization (Gradient-style), Dense Rewards
• Iterative Amortized Inference [ICML 2018]
• A General Method for Amortizing Variational Filtering [NeurIPS 2018]
• Iterative Amortized Policy Optimization [arXiv]

Stephane Ross

Joe Marino

Jialin Song Ben Riviere
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Background: Risk-Aware Path Planning

Finds a control sequence that minimizes the expected value of

a cost function

While limiting the probability of crashing into obstacles over

the planning horizon (chance constraint)

Demonstration of Risk
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Distribution of Planning Problems

Background: Determinitic Path Planning as a MIP

Mixed-Integer Programming Formulation for a deterministic Path
Planning problem.

min
U

J(U, X)

subject to,

(Dynamic Constraint) xt+1 = Axt + But ,

(Safety Constraints) hiTt xt  git 8 0  t  T � 1

8 0  i  N � 1

X = [x0, x1 · · · xt ]T State vector

U = [u0, u1 · · · ut ]T Control Inputs

J ! Cost Function (e.g. fuel consumption)

4 / 38

Compiled as Combinatorial 
Search Problems

Background: Risk-Aware Path Planning

Finds a control sequence that minimizes the expected value of

a cost function

While limiting the probability of crashing into obstacles over

the planning horizon (chance constraint)

Demonstration of Risk

3 / 32

Branch and Bound Approach:

Standard technique to solve MIP.
Iteratively adds constraints to each time-step.
Use lower-bound estimate of the objective value to direct the
search problem.

[ ] ! Side of the obstacle

{ } ! Time Step
root
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Feedback from Retrospective Oracle
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Final Learned Policy

DAgger Learning
Policy Roll-out

(optional exploration)

Retrospective Oracle
(Algorithm 2)

Policy Update

Repeat Policy Roll-out

Figure 1. A visualization of self-imitation learning. This flowchart describes various components of Algorithm 1. A DAgger policy is
initialized from expert traces and is rolled out to generate its own traces. Then the policy is updated according to the feedback generated
by the retrospective oracle. The roll-out, feedback and update can be repeated until some termination condition is met.

Algorithm 1: Self-Imitation Policy Learning
1 Inputs:
2 N : number of iterations
3 º1: initial policy trained by imitating expert traces
4 Æ: mixing parameter
5 D0: expert traces dataset
6 D = D0
7 for i √ 1 to N do
8 º̂i √Æºi + (1°Æ)ºexplor e (optionally explore)
9 run º̂i to generate trace P

10 compute the retrospective optimal trace º§(P )
(Algorithm 2)

11 collect new dataset Di based on º§(P )
12 update D with Di
13 train ºi+1 on D
14 end
15 return best ºi on validation

this example, the search space is organized as a tree where
circular and diamond nodes represent intermediate states
and terminal states, respectively. Numbers in nodes indicate
the order they are visited. Algorithm 1 starts with an ini-
tial set of expert demonstrations and initial policy trained
DAgger style. It is then run with an exploration policy to
generate a new roll-out trace that might contain a new and
potentially easier to find terminal state, node 5 in example.
A retrospective oracle computes retrospective optimal trace
on the roll-out trace, indicated by black nodes. If our goal is

Algorithm 2: Retrospective Oracle for Tree Search
1 Inputs:
2 P : search tree trace
3 s: terminal state
4 Output:
5 retro_optimal: the retrospective optimal trace
6 while s is not the root do
7 parent√ s.parent
8 retro_optimal(parent)√ s
9 s √ parent

10 end
11 return retro_optimal

to reach a terminal state at the lowest depth, it makes sense
to prioritize node 5 over node 11 contained in the expert
trace. We do not discard terminal node 11 – in case the
policy moves to node 6 first (due to imperfect learning), it
will prioritize moving to node 11.

Design Decisions. There are two design decisions in Al-
gorithm 1: how to create each new dataset Di given the
search traces and a retrospective optimal trace, and how to
construct a retrospective optimal trace º§(P ) for a terminal
state given a search trace P .

For the first decision, the main idea is to learn from mistakes
made during each roll-out in order to better imitate º§(P ).
What constitutes a mistake is also influenced by the actions
a policy takes. For example, in (He et al., 2014), a selection

\
Collect
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Imitation
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Background: Risk-Aware Path Planning

Finds a control sequence that minimizes the expected value of

a cost function

While limiting the probability of crashing into obstacles over

the planning horizon (chance constraint)

Demonstration of Risk
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(a) (b) (c)

Figure 4: (left) Retrospective imitation versus off-the-shelf methods. The RL baseline performs very poorly due to sparse
environmental rewards. (middle, right) Single-step decision error rates, used for empirically validating theoretical claims.

(a) (b) (c)

Figure 5: Retrospective DAgger (“select only” policy class) with off-the-shelf branch-and-bound solvers using various search
node budgets. Retrospective DAgger consistently outperforms baselines.

the results on a range of search size limits. We see that
Retrospective DAgger (“select only”) is able to consistently
achieve the lowest optimality gaps, and the optimality gap
grows very slowly as the number of integer variables scale
far beyond the base problem scale. As a point of compar-
ison, the next closest solver, Gurobi, has optimality gaps
ª 50% higher than Retrospective DAgger (“select only”) at
14 waypoints (560 binary variables).

Empirically Validating Theoretical Results. Finally, we
evaluate how well our theoretical results in Section 5 char-
acterizes experimental results. Figure 4b and 4c presents
the optimal move error rates for the maze experiment,
which validates Proposition 1 that retrospective imitation
is guaranteed to result in a policy that has lower error rates
than imitation learning. The benefit of having a lower error
rate is explained by Theorem 2, which informally states that
a lower error rate leads to shorter search time. This result
is also verified by Figure 2a and 2d, where Retrospective
DAgger/SMILe, having the lowest error rates, explores the
fewest number of squares at each problem scale.

7 Conclusion & Future Work
We have presented the retrospective imitation approach
for learning combinatorial search policies. Our approach
extends conventional imitation learning, by being able to
learn good policies without requiring repeated queries to
an expert. A key distinguishing feature of our approach is

the ability to scale to larger problem instances than con-
tained in the original supervised training set of demonstra-
tions. Our theoretical analysis shows that, under certain
assumptions, the retrospective imitation learning scheme
is provably more powerful and general than conventional
imitation learning. We validated our theoretical results on
a maze solving experiment and tested our approach on the
problem of risk-aware path planning, where we demon-
strated both performance gains over conventional imita-
tion learning and the ability to scale up to large problem
instances not tractably solvable by commercial solvers.

By removing the need for repeated expert feedback, ret-
rospective imitation offers the potential for increased appli-
cability over imitation learning in search settings. However,
human feedback is still a valuable asset as human computa-
tion has been shown to boost performance of certain hard
search problems [Le Bras et al., 2014]. It will be interesting
to incorporate human computation into the retrospective
imitation learning framework so that we can find a balance
between manually instructing and autonomously reason-
ing to learn better search policies. Retrospective imitation
lies in a point in the spectrum between imitation learning
and reinforcement learning; we are interested in exploring
other novel learning frameworks in this spectrum as well.
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