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Abstract

Interactive submodular set cover is an interactive variant of submodular set cover
over a hypothesis class of submodular functions, where the goal is to satisfy
all sufficiently plausible submodular functions to a target threshold using as few
(cost-weighted) actions as possible. It models settings where there is uncertainty
regarding which submodular function to optimize. In this paper, we propose a new
extension, which we call smooth interactive submodular set cover, that allows the
target threshold to vary depending on the plausibility of each hypothesis. We
present the first algorithm for this more general setting with theoretical guarantees
on optimality. We further show how to extend our approach to deal with real-
valued functions, which yields new theoretical results for real-valued submodular
set cover for both the interactive and non-interactive settings.

1 Introduction

In interactive submodular set cover (ISSC) [[10L 11} 9], the goal is to interactively satisfy all plausible
submodular functions in as few actions as possible. ISSC is a wide-encompassing framework that
generalizes both submodular set cover [24] by virtue of being interactive, as well as some instances
of active learning by virtue of many active learning criteria being submodular [[12, [9].

A key characteristic of ISSC is the a priori uncertainty regarding the correct submodular function to
optimize. For example, in personalized recommender systems, the system does not know the user’s
preferences a priori, but can learn them interactively via user feedback. Thus, any algorithm must
choose actions in order to disambiguate between competing hypotheses as well as optimize for the
most plausible ones — this issue is also known as the exploration-exploitation tradeoff.

In this paper, we propose the smooth interactive submodular set cover problem, which addresses
two important limitations of previous work. The first limitation is that conventional ISSC [10} 11} 9]
only allows for a single threshold to satisfy, and this “all or nothing” nature can be inflexible for
settings where the covering goal should vary smoothly (e.g., based on plausibility). In smooth ISSC,
one can smoothly vary the target threshold of the candidate submodular functions according to their
plausibility. In other words, the less plausible a hypothesis is, the less we emphasize maximizing
its associated utility function. We present a simple greedy algorithm for smooth ISSC with prov-
able guarantees on optimality. We also show that our smooth ISSC framework and algorithm fully
generalize previous instances of and algorithms for ISSC by reducing back to just one threshold.

One consequence of smooth ISSC is the need to optimize for real-valued functions, which leads
to the second limitation of previous work. Many natural classes of submodular functions are real-
valued (cf. [25, (5, [17, 21]]). However, submodular set cover (both interactive and non-interactive)
has only been rigorously studied for integral or rational functions with fixed denominator, which
highlights a significant gap between theory and practice. We propose a relaxed version of smooth
ISSC using an approximation tolerance ¢, such that one needs only to satisfy the set cover criterion to
within e. We extend our greedy algorithm to provably optimize for real-valued submodular functions
within this e tolerance. To the best of our knowledge, this yields the first theoretically rigorous
algorithm for real-valued submodular set cover (both interactive and non-interactive).



Problem 1 Smooth Interactive Submodular Set Cover
1: Given:

. Hypothesis class H (does not necessarily contain ™)
. Query set Q and response set R with known g(h) C R forq € Q,h € H
. Modular query cost function ¢ defined over Q
. Monotone submodular objective functions F}, : 22*™ — Rxq for h € H
. Monotone submodular distance functions G, : 22*® — Rx>o forh € H, with G, (S®(g,7))—
Gr(S) =0forany Sifr € q(h)
6. Threshold function o : R>o — R mapping a distance to required objective function value
2: Protocol: Fori = 1,...,00: ask a question ¢; € Q and receive a response 7; € ¢;(h™).
3: Goal: Using minimal cost ), c(g;), terminate when Fin(S) > a(Gn(S¥)) forall h € H, where § =

{(di,7)}i and 5 £ Useareqnn)1(4:7)}-

N AW -

2 Background

Submodular Set Cover. In the basic submodular set cover problem [24], we are given an action
set Q and a monotone submodular set function F : 22 — R>( that maps subsets A C Q to
non-negative scalar values. A set function F' is monotone and submodular if and only if:

VACBCQqeQ: F(A®dq) >F(A) and F(A®q) - F(A) > F(Baq) — F(B),

respectively, where @ denotes set addition (i.e., A & ¢ = A U {¢}). In other words, monotonicity
implies that adding a set always yields non-negative gain, and submodularity implies that adding to
a smaller set A results in a larger gain than adding to a larger set B. We also assume that F'(()) = 0.

Each ¢ € Q is associated with a modular or additive cost ¢(q). Given a target threshold «, the goal is
to select a set A that satisfies F'(A) > « with minimal cost ¢(A) = >_ . 4 ¢(g). This problem is NP-
hard; but for integer-valued F', simple greedy forward selection can provably achieve near-optimal
cost of at most (1 + In(maxgeco F({a}))OPT [24], and is typically very effective in practice.

One motivating application is content recommendation [5, 4} 25| [11} [21], where Q are items to
recommend, F(A) captures the utility of A C Q, and « is the satisfaction goal. Monotonicity
of F' captures the property that total utility never decreases as one recommends more items, and
submodularity captures the the diminishing returns property when recommending redundant items.

Interactive Submodular Set Cover. In the basic interactive setting [10], the decision maker must
optimize over a hypothesis class H of submodular functions F},. The setting is interactive, whereby
the decision maker chooses an action (or query) ¢ € @, and the environment provides a response r €
R. Each query ¢ is now a function mapping hypotheses H to responses R (i.e., ¢(h) € R), and the
environment provides responses according to an unknown true hypothesis h* € H (i.e., r = q(h*)).
This process iterates until F},« (S) > «, where S denotes the set of observed question/response pairs:
S ={(q,m)} € @xR. The goal is to satisfy F},- () > o with minimal cost ¢(S) = >_, ,yes c(a)-

For example, when recommending movies to a new user with unknown interests (cf. [10,[11]]), H
can be a set of user types or movie genres (e.g., H = {Action, Drama, Horror, . . .}). Then Q would
contain individual movies that can be recommended, and R would be a “yes” or “no” response or
an integer rating representing how interested the user (modeled as h*) is in a given movie.

The interactive setting is both a learning and covering problem, as opposed to just a covering prob-
lem. The decision maker must balance between disambiguating between hypotheses in H (i.e.,
identifying which is the true h*) and satisfying the covering goal Fj-(S) > «; this issue is also
known as the exploration-exploitation tradeoff. Noisy ISSC [11]] extends basic ISSC by no longer
assuming the true h* is in H, and uses a distance function G, and tolerance x such that the goal is
to satisfy F,(S) > « for all sufficiently plausible h, where plausibility is defined as G, (S) < k.

3 Problem Statement

We now present the smooth interactive submodular set cover problem, which generalizes basic
and noisy ISSC [10} [11]] (described in Section . Like basic ISSC, each hypothesis h € H is
associated with a utility function Fj, : 29*® — R that maps sets of query/response pairs to
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Figure 1: Examples of (a) multiple thresholds, (b) approximate multiple thresholds, (c) a continuous
convex threshold, and (d) an approximate continuous convex threshold. For the approximate setting,
we essentially allow for satisfying any threshold function that resides in the yellow region.

non-negative scalars. Like noisy ISSC, the hypothesis class H does not necessarily contain the true
h* (i.e., the agnostic setting). Each i € H is associated with a distance or disagreement function
G : 29%R R>o which maps sets of question/response pairs to a disagreement score (i.e., the
larger Gy, (S) is, the more h disagrees with S). We further require that F, () = 0 and G, (0) = 0.

Problemdescribes the general problem setting. Let S* = Ugereqn)1(a,7)} denote the set of
all possible question/responses pairs given by h*. The goal is to construct a question/response set
S with minimal cost such that, for every h € H we have F},(S) > a(G,(S*)), where o(-) maps
disagreement values to desired utilities. In general, «(-) is a non-increasing function, since the goal
is to optimize more the most plausible hypotheses in H. We describe two versions of «(-) below.

Version 1: Step Function (Multiple Thresholds). The first version uses a decreasing step function
(see Figure Eka)). Given a pair of sequences a1 > ... > ay > 0and 0 < k1 < ... < Ky,
the threshold function is a(v) = ay,, () Where n.(v) = min{n € {0,..., N + 1}|v < K, }, and
Qg 2 00, AN +1 2 0, Ko 2 0, Kn+1 2 oo. The goal in Problemis equivalently: “Vh € H and

n=1,..., N: satisfy F,(S) > a,, whenever G},(S*) < k,.” This version is a strict generalization
of noisy ISSC, which uses only a single « and «.

Version 2: Convex Threshold Curve. The second version uses a convex «(-) that decreases con-
tinuously as G}, (S*) increases (see Figure c)), and is not a strict generalization of noisy ISSC.

Approximate Thresholds. Finally, we also consider a relaxed version of smooth ISSC, whereby
we only require that the objectives F}, be satisfied to within some tolerance ¢ > 0. More formally,
we say that we approximately solve Problem [T] with tolerance e if its goal is redefined as: “using

minimal cost, Y, c(d;), guarantee Fy,(S) > a(G1(S*)) — e forall h € H.” See Figureb) &d)
for the approximate versions of the multiple tresholds and convex versions, respectively.

ISSC has only been rigorously studied when the utility functions are F}, are rational-valued with
a fixed denominator. We show in Section .3/ how to efficiently solve the approximate version of
smooth ISSC when F}, are real-valued, which also yields a new approach for approximately solving
the classical non-interactive submodular set cover problem with real-valued objective functions.

4 Algorithm & Main Results

A key question in the study of interactive optimization is how to balance the exploration-exploitation
tradeoff. On the one hand, one should exploit current knowledge to efficiently satisfy the plausible
submodular functions. However, hypotheses that seem plausible might actually not be due to imper-
fections in the algorithm’s knowledge. One should thus explore by playing actions that disambiguate
the plausibility of competing hypotheses. Our setting is further complicated due to also solving a
combinatorial optimization problem (submodular set cover), which is in general intractable.

4.1 Approach Outline

We present a general greedy algorithm, described in Algorithm [T] below, for solving smooth ISSC
with provably near-optimal cost. Algorithm |I| requires as input a submodular meta-objective F'



Algorithm 1 Worst Case Greedy Algorithm for Smooth Interactive Submodular Set Cover

1: input: F // Submodular Meta-Objective
2: input: Fras // Termination Threshold for F
3: input: Q // Query or Action Set
4: input: R // Response Set
5: 5«0
6: while F(S) < Fnae do - -
7: G+ argmax, .o min.er (F(S® (¢,7)) — F(S)) /c(q)
8:  Play g, observe 7
9: S+ S& (4,7
10: end while
Variable | Definition
H Set of hypotheses
Q Set of actions or queries
R Set of responses
F Monotone non-decreasing submodular utility function
Gh Monotone non-decreasing submodular distance function
F Monotone non-decreasing submodular function unifying Fj,, G, and the thresholds
Fonaw Maximum value held by F
Dp Denominator for F}, (when rational)
D¢ Denominator for GG, (when rational)
a(-) Continuous convex threshold
a; Thresholds for F' (o is largest)
Ki Thresholds for G (k1 is smallest)
N Number of thresholds
€ Approximation tolerance for the real-valued case
F Surrogate utility function for the approximate version
o, Surrogate thresholds for the approximate version

Figure 2: Summary of notation used. The top portion is used in all settings. The middle portion is
used for the multiple thresholds setting. The bottom portion is used for real-valued functions.

that quantifies the exploration-exploitation trade-off, and the specific instantiation of ' depends on
which version of smooth ISSC is being solved. Algorithm [I] greedily optimizes for the worst case
outcome at each iteration (Line 7) until a termination condition F' > F,,,, has been met (Line 6).

The construction of I is essentially a reduction of smooth ISSC to a simpler submodular set cover
problem, and generalizes the reduction approach in [[L1]. In particular, we first lift the analysis of
[11] to deal with multiple thresholds (Section .2). We then show how to deal with approximate
thresholds in the real-valued setting (Section[4.3)), which finally allows us to address the continuous
threshold setting (Section #.4). Our cost guarantees are stated relative to the general cover cost
(GCC), which lower bounds the optimal cost, as stated in Definition @] and Lemma@] below. Via
this reduction, we can show that our approach achieves cost bounded by (1 + In F},,,)GCC <
(14 1n F4.)OPT. For clarity of exposition, all proofs are deferred to the supplementary material.

Definition 4.1 (General Cover Cost (GCC)). Define oracles T € R% to be functions mapping
questions to responses and T(Q) = Ugeal(@ T(d:))}- T(Q) is the set of question-response pairs
given by T for the set of questions Q Define the General Cover Cost as:

GCC 2 max ( min c(Q)) .

TER? \Q:F(T(Q)>Fmax

Lemma 4.2 (Lemma 3 from [L1]). Ifthere is a question asking strategy for satisfying F (S ) > Foax
with worst case cost C*, then GCC < C*. Thus GCC < OPT.

4.2 Multiple Thresholds Version

We begin with the multiple thresholds version. In this section, we assume that each F} and G,
are rational-valued with fixed denominators D and Dg, respectivelym We first define a doubly

"When each F}, and/or G}, are integer-valued, then Dr = 1 and/or D¢ = 1, respectively.



Figure 3: Depicting the relationship between the terms defined in Definition A If Fy, ,, >
Fhi,nmz = (an—n11)(Kn—Kn—1), theneither Fj,, > a, or G}, > k,; this generates the tradeoff
between satisfying the either of the two thresholds. (B) If Fh > F‘hm”, then F‘h n > Fh Tomas
Vi € {1,..., N}; this enforces that all 4, at least one of the thresholds «; Or K; must be satisfied. ©

If F > me, then F), > F},, .. Vh € H; this enforces that all hypotheses must be satisfied.
truncated version of each hypothesis submodular utility and distance function:
Fr,am,0; (S) 2 max(min(Fh(S), an),qj) — oy, 1)

Ghoron ey (8) £ max(min(Gr(S), k), 55) — Kj. )

In other words, F}, ,, o, is truncated from below at «; and from above at v, (it is assumed that
L H@n,0y
a, > a]) and is offset by —a; so that Fj o, o, (@) = 0. G, «; 18 constructed analogously.

Using (T) and (2), we can define the general forms of F and F,,,., which can be instantiated to
address different versions of smooth ISSC.

Definition 4.3 (General form of F and F,,,5).
Frn(8) 2 (5 = Fn1) = G (9)) Frnnsir () + Gy ()t = i),

o e )]

S - Z Fh(s)y F’VVLG,JL' = ‘chFC’G
heH

O)>
IID

The coefficient Oz converts each [, to be integer-valued, C'r is the contribution to F,,,, from Fj,
and «,,, and C is the contribution to F,,,, from G}, and &,,.

Definition 4.4 (Multiple Thresholds Version of ISSC). Given ay,...,ay and k1, . ..,KN, we in-
stantiate F and F,qy in Deﬁmtlonnwa

N
Cp:DFDg, C'F:DFa17 H n — RKn— 1
n=1
Fin Deﬁnitiontrades off between exploitation (maximizing the plausible F},’s) and exploration
(disambiguating plausibility in F},’s) by allowing each F}, to reach its maximum by either F}, reach-
ing «; or G, reaching x;. In other words, each F}, can be satisfied with either a sufficiently large
utility F}, or large distance G'1,. Figure [3]shows the logical relationships between these components.

We prove in Appendix [A] that £ is monotone submodular, and that finding an S such that F(S
F,,q is equivalent to solving Problem |1] l For F to be submodular, we also require Condition
which is essentially a discrete analogue to the condition that a continuous «(-) should be convex.

Condition 4.5. The sequence (S*—"+) | is non-increasing.

n—"hKn—1

Theorem 4.6. Given Condition Algorithm[I\using Definitiond.4|solves the multiple thresholds
version ofProblemusing cost at most (1 +1In (|H|DFDgoz1 Hi:;l (Kn — nn_l))) GCcC.

If each G}, is integral and x,, = k,_1 + 1, then the bound simplifies to (1 + In (|H|Dray)) GCC.
We present an alternative formulation in Appendix [D.2]that has better bounds when Dy; is large, but
is less flexible and cannot be easily extended to the real-valued and convex threshold curve settings.



4.3 Approximate Thresholds for Real-Valued Functions

Solving even non-interactive submodular set cover is extremely challenging when the utility func-
tions F}, are real-valued. For example, Appendix [B.T|describes a setting where the greedy algorithm
performs arbitrarily poorly. We now extend the results from Section [4.2] to real-valued F}, and
Af,...,QN.

Rather than trying to solve the problem exactly, we instead solve a relaxed or approximate version,
which will be useful for the convex threshold curve setting. Let ¢ > 0 denote a pre-specified
approximation tolerance for Fj, [-], denote rounding up to the nearest multiple of ~, and |-],
denote rounding down to the nearest multiple of . We define a surrogate problem:

Definition 4.7 (Approximate Thresholds for Real-Valued Functions). Define the following approx-
imations to Fy, and o,,:

151
OES {Fh@) + 5o (e +1- i)} :

] N
D= [Z(IQIHin

1=1 =1

N
(2N —2i) D&~ ] [ (ks — 5-1)
Jj=1

:

Instantiate F and F,, 4, in Deﬁnitionusing F, }/y al, above, Gy, Kk, and:

N
CF‘ :ng Cr :allv Cc :Dg H(H'n _’ﬁn—l)~

n=1

We prove in Appendix [B| that Definition is an instance of a smooth ISSC problem, and that
solving Definition .7 will approximately solve the original real-valued smooth ISSC problem.

Theorem 4.8. Given Condition Algorithm [I] using Definition will approximately solve
the real-valued multiple thresholds version of Problem [I| with tolerance € using cost at most

(1 +In (|H|a1DN T, (ki — H”_1))> Goc.

We show in Appendix [B.2]how to apply this result to approximately solve the basic submodular set
cover problem with real-valued objectives. Note that if € is selected as the smallest distinct difference
between values in F},, then the approximation will be exact.

4.4 Convex Threshold Curve Version

We now address the setting where the threshold curve «(-) is continuous and convex. We again
solve the approximate version, since the threshold curve «(+) is necessarily real-valued. Let € > 0
be the pre-specified tolerance for F}. Let N be defined so that N D¢ is the maximal value of Gj,.
We convert the continuous version «(+) to a multiple threshold version (with N thresholds) that is
within an e-approximation of the former, as shown below.

Definition 4.9 (Equivalent Multiple Thresholds for Continuous Convex Curve). Instantiate F and
Fpaz in Definition using Gy, without modification, and a sequence of thresholds:

1S
VA D &
Fi(8) £ = [Fu(®) + 5 (1 +1 —zﬂ :
i=1 %
A D € — e
Ot/ = ? \‘a(n) — B - |:(2N — 2i)Dg71+1 H(Hj — I€j1)1|J
1= J= %
En = Dan



with constants set as:

N
Cr=1, Cr=a1, Cg=Dg [[(n—rn1)=DEg.
n=1

Note that the F}, are not too expensive to compute. We prove in Appendixthat satisfying this set of
thresholds is equivalent to satisfying the original curve a(-) within e-error. Note also that Definition
@9 uses the same form as Definition [4.7]to handle the approximation of real-valued functions.

Theorem 4.10. Applying Algorithm[Ijusing Definition approximately solves the convex thresh-
old version of Problem|l|with tolerance € using cost at most: (1+1n (|H|a}DY)) GCC.

Note that if € is sufficiently large, then /N could in principle be smaller, which can lead to less
conservative approximations. There may also be more precise approximations by reducing to other
formulations for the multi-threshold setting (e.g., Appendix [D.2).

5 Simulation Experiments

Comparison of Methods to Solve Multiple Thresholds. We compared our multiple threshold
method against multiple baselines (see Appendix [D]for more details) in a range of simulation settings
(see Appendix[E.T). Figure[]shows the results. We see that our approach is consistently amongst the
best performing methods. The primary competitor is the circuit of constraints approach from [[11]]
(see Appendix [D.3]for a comparison of the theoretical guarantees). We also note that all approaches
dramatically outperform their worst-case guarantees.

Cost for Setting A Cost for Setting B Cost for Setting C
50 35 i 35
45 4/_/- J—,—F
30 30 Multiple Threshold (Def 4.4)
g 40 ‘g ‘g’ Alternative (Def D.1)
O 35 (@] (@] Circuit (Def D.6)
30 25 25 Forward (Sec D.1)
J Backward (Sec D.1)
25
20 20
0 50 100 0 50 100 0 50 100
Percentile Percentile Percentile

Figure 4: Comparison against baselines in three simulation settings.

Validating Approximation Tolerances. We also validated the efficacy of our approximate thresh-
olds relaxation (see Appendix [E.2|for more details of the setup). Figure [5]shows the results. We see
that the actual deviation from the original smooth ISSC problem is much smaller than the specified
€, which suggests that our guarantees are rather conservative. For instance, at ¢ = 15, the algorithm
is allowed to terminate immediately. We also see that the cost to completion steadily decreases as €
increases, which agrees with our theoretical results.

Costvs ¢ Deviationvs ¢
34 2
32 15
c
% k=l
o 30 T 1
o >
i
28 Qo5
26 0
5 10 15 20 25 5 10 15 20 25

€ €

Figure 5: Comparing cost and deviation from the exact function for varying e.

6 Summary of Results & Discussion

Figure |§| summarizes the size of F,,q, (Or F,’nm for real-valued functions) for the various settings.
Recall that our cost guarantees take the form (1 + In F,,q,)OPT. When F}, are real-valued, then
we instead solve the smooth ISSC problem approximately with cost guarantee (1 4+ In F . YOPT.

max
Our results are well developed for many different versions of the utility functions F},, but are less
flexible for the distance functions Gj,. For example, even for rational-valued Gy, Fj, 4. Scales as
Dg , which is not desirable. The restriction of G}, to be rational (or integral) leads to a relatively
straightforward reduction of the continuous convex version of «(+) to a multiple thresholds version.



In fact, our formulation can be extended to deal with real-valued G, and &, in the multiple thresh-
olds version; however the resulting F' is no longer guaranteed to be submodular. It is possible that a
different assumption than the one imposed in Condition[4.5]is required to prove more general results.

F G Multiple Thresholds Convex Threshold Curve
Rational ~ Rational | |H|on DpDY [1, (ki — ki—1) | |H|a1Dp DY
Real Rational | [H|a) DY T, (ki — ki-1) |H|o, DY

Figure 6: Summarizing F,ux. When F), are real-valued, we show F/ _ instead.

max

Our analysis appears to be overly conservative for many settings. For instance, all the approaches we
evaluated empirically achieved much better performance than their worst-case guarantees. It would
be interesting to identify ways to constrain the problem and develop tighter theoretical guarantees.

7 Other Related Work

Submodular optimization is an important problem that arises across many settings, including sensor
placements [[16} [15]], summarization [26} 17} 23], inferring latent influence networks [8]], diversified
recommender systems [} 4} 25, 21]], and multiple solution prediction [} 3} 22, [19]. However, the
majority of previous work has focused on offline submodular optimization whereby the submodular
function to be optimized is fixed a priori (i.e., does not vary depending on feedback).

There are two typical ways that a submodular optimization problem can be made interactive. The
first is in online submodular optimization, where an unknown submodular function must be re-
optimized repeatedly over many sessions in an online or repeated-games fashion [20} 25| 21]]. In
this setting, feedback is typically provided only at the conclusion of a session, and so adapting from
feedback is performed between sessions. In other words, each session consists of a non-interactive
submodular optimization problem, and the technical challenge stems from the fact that the submod-
ular function is unknown a priori and must be learned from feedback provided post optimization in
each session — this setting is often referred to as inter-session interactive optimization.

The other way to make submodular optimization interactive, which we consider in this paper, is to
make feedback available immediately after each action taken. In this way, one can simultaneously
learn about and optimize for the unknown submodular function within a single optimization session
— this setting is often referred to as intra-session interactive optimization. One can also consider
settings that allow for both intra-session and inter-session interactive optimization.

Perhaps the most well-studied application of intra-session interactive submodular optimization is
active learning [10, [7, [11} 9} 2} 14} [13], where the goal is to quickly reduce the hypothesis class
to some target residual uncertainty for planning or decision making. Many instances of noisy and
approximate active learning can be formulated as an interactive submodular set cover problem [9].

A related setting is adaptive submodularity [[7, 2} |6, [13], which is a probabilistic setting that essen-
tially requires that the conditional expectation over the hypothesis set of submodular functions is
itself a submodular function. In contrast, we require that the hypothesis class be pointwise submod-
ular (i.e., each hypothesis corresponds to a different submodular utility function). Although neither
adaptive submodularity nor pointwise submodularity is a strict generalization of the other (cf. [7,9]),
in practice it can often be easier to model application settings using pointwise submodularity.

The “flipped” problem is to maximize utility with a bounded budget, which is commonly known as
the budgeted submodular maximization problem [18]. Interactive budgeted maximization has been
analyzed rigorously for adaptive submodular problems [7], but it remains a challenge to develop
provably near-optimal interactive algorithms for pointwise submodular utility functions.

8 Conclusions

We introduced smooth interactive submodular set cover, a smoothed generalization of previous ISSC
frameworks. Smooth ISSC allows for the target threshold to vary based on the plausibility of the
hypothesis. Smooth ISSC also introduces an approximate threshold solution concept that can be
applied to real-valued functions, which also applies to basic submodular set cover with real-valued
objectives. We developed the first provably near-optimal algorithm for this setting.
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Supplementary Material

A Analysis of Multiple Thresholds Version

The following lemmas will be used to show that Definition of F solves the equivalent problem
as smooth ISSC with multiple thresholds. Furthermore, since converting smooth ISSC to F' is
effectively a reduction to a non-interactive submodular set cover problem, then we can prove near-
optimal cost guarantees for the standard greedy algorithm.

Lemma A.1. For an algorithm to ensure that F,(S) > «(Gr(S*)) for all h*, it is both necessary
and sufficient to ensure that Fp,(S) > a(Gp(S)), where S is the action set chosen by the algorithm.

Proof. To show that this condition is sufficient, notice that S C 5% s0G n(S) < Gp(S*). Because

5)
a(-) is a non-increasing function, a(G4(S)) > a(Gh(S*)). Thus, if F},(S) > a(G(S)), then

Fin(S) > a(Gr(S¥)).
To show that this condition is necessary, suppose there is a hypothesis h* which agrees with h on all
queries in S*\ S. For this h*, G, (S) = G1,(S*). Thus, any hypothesis h where F},(S) < a(Gr(S))

cannot be considered satisfied because there exists an h* where F},(S) < a(Gp(S*)). Thus, this
condition is also necessary.

Lemma A.2. F(S) > Fy. if and only if Fi,(S) > ay, for all h such that G,(S*) < k, for
ne{l,...,N}

Proof. Due to Lemma it is equivalent to show that F (5’ ) > Fyaz if and only if F) h(S’ ) > ap
for all h such that G1,(S) < Ky, forn € {1,...,N}.

First, suppose that F'(S) > F,,.,. F/(S) may not exceed its maximum value, so

N
F(8) = Fuaz = |[H|Dpa1 D& H(’in — Kp—1)-

n=1

Note that for all h € H, when F},  is defined as the maximum value of £},

Then, if F(S‘) = Fq0, then Fh(S’) =Fy,,, forallh € H.
Next, when F}, ,, s defined as the maximum value of F}, ,,,
0 S Fh,n(s’) S Fh,nmam - (an - 0571,+1)(H7L - Hn—l)-

Then, if F,(S) = F},,.., then Fj, ,(S) = Fy,,,,.. forallh € Handalln € {1,2,...,N}.

max

Finally, if Fh’n(g) = Fh7n1naz’ then F, a,, 00,41 (S) = ap — Ant1 08 Ghp i, s (S’) = Kn — Knp-1-
If Fh,amanH(S‘) = an — Qpy1, then Fh(é) > «y, and if Ghy,im,{n_l(.SA') = Kp — Kn—1, then

Gr(S) > k. This implies that F,(S) > «,, for all h such that G1,(S) < k,, forn € {1,..., N}.

For the opposite direction, suppose that Fj,(S) > «, for all h such that G,(S) < k, for
n € {1,...,N}. This means that for all h € H and all n € {1,...,N}, Fp(S) > an
or Gh(é’) > k,. Then, Fh’amanﬂ(S’) = (ap — Qpy1) OF Gh’,{mnnfl(S') = (Kn — Kn-1)-
Then, F’h,n(S’) = (an — Qnt1)(Fn — Kn—1), Fh(S’) = Dpa; DY Hﬁ;l(/ﬁn — Kp—1), and
F(S) = |H|DFa1Dg Hivzl("{n - anl) = Fma:r- O

Lemma A.3. Let I},(S) and G (S) be monotone non-decreasing submodular functions, and let
the sequence "=+ for n € {1,..., N} be non-increasing [Condition 4.5|]. Then, F(S) from
Definition is a monotone non-decreasing submodular function.

10



F(S @ x) — F(S). First, we show that 6 4(F, z) > 0 for all A and z:
N
Sa(F,x) =Y Cp>_ K (K5 — ffj—l)) 6A(Fh,mx):|

(kj — ffjl)) ((f’vn = Kn—-1)04(Fhan,ani1,T)

+ 6A(Gh,lin,h‘,n_1 3 :C)(an - an+l)
+ Fh»aman+1 (A)Gth'ILan—l (A)

- Fhvanvan+1 (A D w)Ghv“an/n—l (A S2) x))

=Y CprY K [ - Kjl)) (((f”vn = bin-1) = Ghorprn 1 (A)0A(Fhan i @)

+ 5A(Gh,nn,rzn_1 3 l‘)((O{n - an+1) - Fh,an,an+1 (A @ l‘))>:|

Note that (n = n—1) = Ghryn-1 (A): 64 (Fhananir ©)s 04(Ghy i, 15 @), and (an —omp1) —
Fh.a, i1 (A @ x) are all non-negative. Thus, 64 (F},,z) > 0, and F},(S) is non-decreasing.

Next, consider any B such that A C B. Similarly,

N
DEDIEDY K [ - Hj—l)) (((Kn = tin-1) = Ghrnrn_1 (B))0B(Fhan,anii> T)

heH n=1 j#n
+08(Ghrnrn_1: @) (a0 — Ont1) = Fran,ani, (B & w)))]

Then, we show that forall A C B, §g(F,z) — da(F,z) > 0.

dp(F,z) —6a(F,x) ZCFZ [(H(M-MO)

heH n=1 JF#n

<(KTL - "in*l)(éB(Fhvanvan-%—l’x) - 6A(Fhvanvan+1"r))

= Ghknoin—1 (B)0B(Fhiam a1, )

+ Ghrnrn—1 (A)0A(Fran,anirr )

+ (an — an+1)(0B(Ghornin—15%) = 0A(Ghok kn 15 T))
—0B(Ghknin_1>%) Fhan 0ny (B®x)

+0a (Ghvﬁn’ﬁnfl ) 'T)Fhvanvan+l (A S x))

Note that Gh Kn:"ini»l( ) S Gh;”ru”n#»l (B) and Fh70¢n yQn41 (A D x) S Fh;avuan+1 (B D x)' Then’
Sp(F,x) —0a(F,z) < > nher Crlln, where,

£ (o)

Jj#n
((’i” - ’infl)((sB (Fhaanvan+1 ) :L') - 5A(Fh704n704n+1 ) :C))

- Ghv“n:”n—l (8)63 (Fhvanva'rr{»l ) 'T) + GthTLvﬁn—l (B)(SA (Fhvan:an+1 ) x)
+ (an — nt1)(0B(Ghyknin_1:%) = 04(Ghynp 15 T))

— 0B (Ghvﬁnv'@n—l ) x)Fhva'rL:an+1 (B S JL‘) + 5A(Gh:'€n:f€n71 ) ‘T)Fh,aman+1 (B S I))
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(((‘%" - K"—l) - Ghﬂﬂnﬂ"@n—l (B))(éB (Fh,amanJrl ) :E) - 5A(Fh70ém04n+1 ) :L’))

+ ((an - a’ﬂ+1) - Fh7anaan+1 (B S2) m))(éB (Gth‘nﬂK/nfl ) x) - 6A(Gh7finyf”~n71 P x))>:|

n = kn-1) = Ghrnom,_ (B)

Rn — RKn—1

Ly
2&'{:]2

(53 (Fhvanvan-f—l ) m) - 5A(Fh7&man+1 ) $))

Oén+1 Fh,amocn-u (B @ :E)

— Rn—-1

_l’_
le

(6B(Gh7iim'<n—1?w) - (SA(Gh,NmNn_uI))] .

3
I
—

("‘Cn_'{n—l)_Gh,thn_l (B)
KRn—Kn-—1

a € [0, 1]. In addition, Zﬁfzj 0A(Fh,am,amsir ) > Zflzl 08(Fh,an,an. ) for all positive integer

. ( n—KRn— )_G Vs Ry — (B) 1
j < N. Thus, Z;\;l i Ln_"‘c’n—l ——(0B(Fh,an,ans1>%) — 04(Fh,an,anii>2)) is noN-
positive.

Note that the sequence must take the form (0,...,0,a,1,...,1) where

(an—0ni1)=Fh,an,a, 1 (BOT)

Rnp—Kn-—1

(=2 Sn=1tn g (),...,0) where a € [0,32=""tl] Because of the restriction

K1—kKo " Kp—1—Kn ? Kn—Kn—1

must take the form

Note also that the sequence

on the values of M (Condition , this sequence is non-increasing. In addition,
- 5A(Gh,,€m,{n_1,x) 2 anl 0B8(Gh s, 1,_,,x) for all positive integer j < N. Thus,

(an— )= Fh,an,a, 1 (BOT) . .
25:1 AL ,.;n_h,wfl ntl oo (0B(Ghsp k1) —04(Gh ke k1 »x)) is NON-positive.

These two statements imply that dp(F, z) — d4(F, ) < 0, which means that F' is submodular. [

Lemma A.4 (Lemma 3 from [[10]). For any initial set of questions-response pairs S, there must be
a question q € @ such that

min (F($ @ (¢,) = F(9)) > e()(Faz = F(8))/GCC

Proof. Assume that the lemma is false and for every question g, there is some r € R such that
F(S&(g,r) = F(9) < c(q)(Frax — F(9))/GCC

Define an oracle 7" which answers every question with a response satisfying this inequality. For
example, one such T” is

T'(q) 2 argmin,, (F(S’ & (q,7)) — F(S‘))

By the definition of GCC,

min ¢(Q) < max ( ~ min c(@)) =GCC
Q:F(

Q:F(T"(Q))>Frmax TERS T(Q))> Frnax

so there must be a sequence of questions Q with ¢(Q) < GCC such that F(T"(Q)) > Finas.

Because F' is monotone non-decreasing, we also know that F(7"(Q) U S) > Fye.. Using the
submodularity of F,

F(T'(Q)US) < F(8) +Z (SU{(a. T(a)}) — F(5))



<F(9)+ > elq)(Frnaz — F(9))/GCC < Fran

which is a contradiction. O

Theorem A.5 (Theorem 1 from [10]). Assume that F is an integral monotone non-decreasing sub-
modular function. Algorithm|[l|incurs at most GCC(1 + In(Fyqz)) cost.

Proof. Let g; be the question asked on the ¢th iteration, S; be the set of question-response pairs after
asking ¢; and C; be 37, ; ¢(g;). By Lemma[A.4]

F(S;) = F(Si—1) > ¢(d:)(Finaw — F(8i-1))/GCC

After some algebra we get

Fmaa: - F(Sz) S (Fm,ar - F( 1—1))(]— - C(qu)/GCO)
Nowusingl —xz < e™®

Fmaa: - F(Sz) S (Fmaz - F(Siil))e—c((ii)/GCC S Fma$6_0i/GCC
We have shown that the gap ) i F(S’L) decreases exponentially fast with the cost of the questions
asked. The remainder of the proof proceeds by showing that (1) we can decrease the gap to 1 using

questions with at most GCC In(F},,.) cost and (2) we can decrease the gap from 1 to 0 with one
question with cost at most GC'C.

Let j be the largest integer such that F,,,, — F/(S;) > 1 holds. Then

1< Fmaafeicj/GCC

Solving for C; we get C; < GCC In(F}y,45). This completes (1).
By Lemma F(S;) < F(S;i11) (we strictly increase the objective on each iteration). Because

Fynaz is an integer and F is an integral function, we can conclude that F(S;) < F(S;;1 + 1. Then
gj+1 will be the final question asked. By Lemma ¢j+1 can have cost no greater than GCC.
This completes (2). We can finally conclude the cost incurred by the greedy algorithm is at most

GCC(1 + In(Foaz)). O

Proof of Theorem@-6] LemmalA.2implies that satisfying the condition F' > F,,,, is equivalent to
satisfying the goal of smooth ISSC with multiple thresholds. Next, Lemmaimplies that F' may
be used with Algorithm [I] and have guaranteed performance bounds. Finally, Theorem shows
that the upper bound of Algorithm is (1 + In(Finez)) GCC. Plugging in the value of Fy,q,, the
upper bound in the multiple threshold case of smooth ISSC is then:

N
14+ In(Fee)) GCC = [1+1In | |H|DpDY oy Ko — K1 GCcC,
G

n=1

giving Theorem 4.6} O

B Analysis of Approximate Thresholds for Real-Valued Functions

In this section, we show that the surrogate problem in Definition[4.7]is an instance of a smooth ISSC
problem, in particular one with approximate thresholds compared to the original problem.

Lemma B.1. Fj(S) > o, implies that F},(S) > o, — €.

Proof. Suppose that F} (S) > o,. Then,

j=i

D N € . D € N N—it1 al
Dlr@+ 3 te1-9| =2 53 N 2008 [ —m0)| |



€ n i
{ -5 {QN 20)Dg ™ +1H -—KNH ;

=1 e =1 e
D
€ 151 € € " N
R . N—i+1
R+ 5300+ 1=+ 5> {a -5 { (2N - 20) DY~ [ (s, - nH)H ,
i= 1= J= %
€ |S‘ € € - N €
X c . < c _ N—i+1 . _
Fn(S) + D ;(\Q| +1—14)+ D > o -5 2 |: (2N — 24)Dg ]l_Ii(l{] m]_l):| D’
. € ‘S‘ n N
Fr(S) = an — — [D_(1Q] +1—i) + (2N —2i)Dg ] (55 — mim1) | + 2|,
i=1 i=1 j=i
Fh(S) >, —€
Lemma B.2. F}(S) < o implies that F},(S) < a.
Proof. Suppose that F[L(g) < of,. Then,
Fi(S) < aj,
D [ A € El ] € w— T
- Fh(S)+—Z(|Q|+172) <= {an ) |:(2N2i)Dgl+1H(/ij/€j_1):H )
=1 % =1 Jj=1 €
_ 8 i
N . N—i+1
Fh(5)+5;(|g|+1—z) { DZ{ZN 2i)DY H pR———— 1H ,
1= % = B
. 18] N
N N i+1
Fh(S)—i—B;ﬂQH—l—z < o — g [QN—ZZ jH_i(K,j_:‘i]'_l):| ,

Fh(S) < ap— % Z |:(2N - 21’)Dgii+l H(Hj - /1]-_1):| ,

Jj=t

Fh(g) < Qp.

Lemma B.3. F} preserves monotonicity and submodularity of Fy,.

Proof. Define dg(F,x) = F(S @ z) — F(95).

First, assume that F}, is monotone non-decreasing, which implies that d5(F},, ) > 0. Then,

D c [S|+{=}
Os(Fha) = |Fa(S@x)+ 5 D (1Q/+1-1)
=1

5 [ I8t .18
=Cl|REent+y X (A+1=9 — RS+ 5> (2 +1-19)

D LIS U8 T
= |[RSe)], +5 > (1Q+1-1)—[F9)], - (|Q|+1—i)]

Ol

5 D
i=1 i=1

[S]+{=} |S|
g [Fu(S @ )] . — [Fa(S)]

o~

st 2 Q- - 5> (9 +1-4)

i=1 i=1

S

- g [(Ens @),

-
D

= [Fr(9)] «

-
D

+ 5012 - 18D]
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because dg(Fy,x) > 0, F,(S @ x) > Fp(S), and [F, (S @ )| > [F,(S)]. In addition, |Q| > |S|.
Thus, dg(F},x) > 0, and Fj is non-decreasing.

Next, F}, being submodular implies that for A C B, d4(Fp,z) = Fr(A + {z}) — Fp(4) >
Fh(B + {IE}) — Fh(B) = 5B(Fh,£l,'). Then,

[Fr(A+{z})]5 — [Fa(A)] 5 +
[Fr(A+A{z})]g — [Fu(A)]5 +

DR A+ @ - 1R

2 [Fu(B+A{z})] 5 — [Fa(B)] ¢

5
<02~ 14D] = 2 [TFu(B+ =) ~ [EB 5 + (12~ 1B))]
6A(Fh, z) > 6p(Fy, ).

5
>

(1QI = 1AD) = [Fu(B +{z})]5 — [Fu(B)] 5 + 5 (191 = B,

5
+

O
Lemma B.4. If (o)), is decreasing, then (a!,)_, is decreasing.
Proof.
A D € — e
OCLL = - oy — D . |:(2N — 21)Dg71+1 H(H]' — Hjl):H
L =1 Jj=t %
D 6 n ] N
2 |- g, [(21\7 —2i)Dg " H(Hj - fij—l)}
L =1 Jj=t %
D ¢ n+1 N
> — |opt1 — — |:(2N — 2Z)DN71+1 (Iij — Iij1):|J
€ D -
L 1=1 Jj=1 %
/
= On41
O

’ !
QAp—Qn4+1\ N QO Q1 \N . . .
Lemma B.5. If (2= %), is non-increasing, then (-*— "), is also non-increasing.

Proof.

D € u N
oy ol = {" PN %) NHTFW—“li
i 5

i—1 =i

D e T

i=1 j=i

it

=1

D

£
D

s o]

1=1

:f[mugmwug

n N

-5 %N—%Dgﬁqﬁm—W44

i=1 j=i

n+1

5o ]

2N —2(n+1)Dy " " TT (s - njl)] } .

€
= |:\_anJ5 - Lan+1J§ D
j=n-+1
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Similarly,

N
Oyt — Qpyp = . [Lawﬂg = lom+al e + % (2N =2(n+2))Dg~ " T (s - ﬂj—l)} }
j=nt2
Then,
e 2 lonlg ~lownaly + 5 @V =200+ )DL (ks - m)]]
Rn — Kn—1 KRn — Kn—1
Zlon —anp1i— 5+ 5 [(2]\7 —2(n+1)Dg "R (s 'ij—l)] }
= ] Kn — Kn—1
% an —ony1+ 5 [(QN —2(n+1) - I)DN (e H] 1 (5 — "ijfl)] :|
= ] Kn — Kn—1
2 lans1 —ani2 + 5 [(2N —2(n+1) =)Dy " (kg — k) TI, 40 (55 — f5 1)] }
= ] Kntl — Kn
Ll an = anvz + 5 [(2N = 2(n+ 1) = DYDYk, —njlﬂ
= ) Rn4+1 — Kn
2| lanil g = lang2] e =5+ 5 [(2N —2(n+1) =)Dy "I (s Hj—l)}]
= ] Kntl — Kn
2 I_O‘n+1J§ - LO‘n+2J§ t5 [(QN —2(n+ 2))DN (2 HJ (K — 'fjfl)] }
> L

Rn+1 — Kn
’ /
Oé'n.«‘fl - an+2

Rn+4+1 — Kn

O

As such, solving the surrogate smooth ISSC problem in Definition .7) will lead to approximately
solving the original real-valued smooth ISSC problem, provided Condition [4.5] holds.

Proof of Theorem[d.8] Lemma guarantees that solving the surrogate problem also solves the
original problem to within € tolerance. Lemma guarantees that the surrogate problem will be
solved as long as the original problem is solved. Lemmas[B.3] [B-4} and [B.3]show that if the original
problem results in a submodular F', then the surrogate problem also results in a submodular F'.

As discussed in the proof of Theorem .6, the upper bound of Algorithm [I] derived in [10] is
(1 + ln(Fm,m)) GCC. Notice that Lemma means that the surrogate problem is no harder to

solve than the original problem. The upper bound in the approximate thresholds case is then no
larger than

(14 In(Finaz)) GCC = (1 + In(|H|CrCe)) GCC

N
= (1 +1In <H|o/1Dga1 H(Hn - Hn_l))> GCC,

n=1

giving Theorem [4.8] O
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B.1 Pathological Case for Real-Valued Submodular Set Cover

There are N + 3 items with uniform cost which are denoted x1, ...,z N, y1, Y2, y3. Define F(S) =
1 - (1 - %) (%)‘wl, where |z| is the number of z terms in S, and |y| is the number of y terms

in S. First, adding an extra element will only increase the value of F', so F' is increasing. Next,
consider adding an extra z. The original value is 1 — (1 — %) (%) 1! and the new value is 1 —
(1 - %) (%)Ile' The difference is (1 — %) (%)Ix‘ﬂ. Note that this is always positive and
decreases when there are more elements originally in the set. Finally, consider adding an extra
y. The new value is 1 — (1 - MTH) (%)lx‘. The difference is % (%)m. Again, this is always

positive and decreases when there are more elements originally in the set. Thus, F' is a monotone
non-decreasing submodular function.

Next, notice the smallest set S such that F'(S) > 1is S = {y1,y2,y3}. However, the greedy
algorithm will take all of the x; before taking any of the y; due to the fact that taking a x; term will
increase F' by % of the remaining value, whereas taking a y; term will increase F' by only % of the
remaining value.

B.2 Reduction to Basic Submodular Set Cover with Real-Valued Objective Functions

In the basic submodular set cover problem, we have a single submodular function F' that we need
to satisfy a threshold o with minimum cost. To apply the solution to the approximate multiple
thresholds version of smooth ISSC to basic submodular set cover, the following definition is used.

Definition B.6 (Reduction to Basic Submodular Set Cover). Definition|.7]is instantiated with the
following choices of parameters to solve the equivalent basic submodular set cover problem.

|H|:15 N=1,

Fu(S) = F(5), Gn(8) =0,
a1 = &, Ii1:1, DG:1

Lemma B.7. Solving the basic submodular set cover problem is equivalent to solving the instanti-
ation of smooth ISSC in Defnition|[B.6|

Proof. If the basic problem is solved, then F' (S’ ) > «. This implies that Fh(S’ ) > a1, so the smooth
ISSC problem is also solved.

Next, if the smooth ISSC problem is solved, then F},(S) > aq or G (S) > k1. However, G, (S) =

0 < 1 = Ky, so it must be that F},(S) > «;. This implies that F'(S) > «, so the basic submodular
set cover problem is also solved.

Thus, Definition [B.6]is equivalent to the basic submodular set cover problem, and once applied to
Definition solves the approximate submodular set cover problem. O

Notice that € can be selected as the smallest distinct difference between values in F', and this solves
the basic submodular set cover problem exactly.

Theorem B.8. Algorithm|I|using Definition [B.6| will approximately solve the non-interactive real-
valued submodular set cover with tolerance € using cost at most (1 + 1In (o)) GCC.

Proof. Lemma[B.7|shows that Definition[B.6|can be used to approximately solve the non-interactive
real-valued submodular set cover problem.

As discussed in the proof of Theorem [4.6] the upper bound of Algorithm [T] derived in [10] is
(1 + ln(Fmax)) GCC. The upper bound in the non-interactive real-valued submodular set cover
problem is then:

(14 In(Frpaz)) GCC = (1 +In(|H|CrCe)) GCC

TR e T

n=1
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= (1+1In(a})) GCC,
giving Theorem O

C Analysis of Continous Threshold Curve Version

Lemma C.1. F},(S) > a(Gx(S)) iff Fi(S) > a(kn) or G1(S) > K, for all n.

Proof. Suppose that Fj,(S) > a(Gx(S)). First for all n where k,, < G1,(5), the condition is already
satisfied. For the remaining x,, > Gj(S), notice that « is non-increasing. Then, a(G(S5)) >
a(kn), and Fp,(S) > a(kp).

Next, suppose that F,(S) > a(ry,) or G1,(S) > k,, for all n. Note that the x,, thresholds take on
all possible values of G, so Fj,(S) > a(Gh(S')) O

Proof of Theorem Lemma implies that solving solving smooth ISSC instantiated with
Definition[4.9]is equivalent to solving smooth ISSC with a convex threshold curve.

Theorem shows that the upper bound of Algorithmis + In(Fynaz)) GCC. Plugging in the
value of F}, 4., the upper bound in the continuous threshold curve version is then:

(14 10(Fnaz)) GCC = (1 4+ (| H|CrCa)) GCC = (141 (|H|a} DE ) ) GCC

giving Theorem [4.10] O

D Alternative Methods of Solving Multiple Thresholds

This section introduces some alternative methods of smooth ISSC and compares the performance of
the methods.

D.1 Satisfy Thresholds One-by-One

Noisy ISSC [[L1] can be used to satisfy one threshold at a time. This can be extended to solve smooth
ISSC by applying the method N times - once for each threshold. The thresholds can be run in any
order, but we will consider running the thresholds forward and backwards in this experiment.

D.2 Alternative Definition

An alternative form of Definition[4.3|can be made, which results in different performance guarantees.
Definition D.1 (Alternative form of F and F),,5).

Fnn(S)

1>

(( — 1) = Chnsrin 1 (9)) P (9) + G, ()@ — ansa),

IID

i\f: [th(S ] , where Cp = DpDg,

N

Z Fh Fraz = ‘H|DFDGZ Oln+1)("fn _’ﬁn—l)]~

heH n=1

For F' to be submodular, we also require Condition

Condition D.2. The sequences (v, — apni1)2_1 and (K, — K,_1)2_, are non-increasing.

Lemmas[A.1]and[A-4] and Theorem[A 3l hold without modification.

Lemma D.3 (Alternative form of Lemma. ) > Fonae if and only if Fy, (S ) > ay, forall h
such that Gp,(5*) < kn form e {1,...,N}.
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Proof. Due to Lemma it is equivalent to show that F'(S) > F,,,, if and only if F,(S) > oy,
for all & such that G, (S) < K, forn € {1,...,N}.

First, suppose that F/(S) > F,,q,. F/(S) may not exceed its maximum value, so

N
_(S’) Fraz = |H|DrDg Z [(an — @ng1)(Kn — Kn-1)] -

n=1

Note that for all h € H, when F}, _ is defined as the maximum value of F},,

N
0 < Fh(S) < Fhmaz = DFDG Z [(an - an+1)(/€n - /infl)} .
n=1

Then, if F(S) = F)as. then Fh(S) =F, forallhe H.

max

Next, when Fh,nmam is defined as the maximum value of I}, o
0 S Fh,n(g) S Fh,nm(n = (an - O‘n+1)(’€n - 'Vv'n—l)-

Then, if F},(S) = F},,,... then Fj ,(S) = Fj .. forallh € Handalln € {1,2,...,N}.

max®

Finally, if Fy, ,(S) = Fhn,... then Fy o, a1 (S) = @y — a1 or G ins () = Kip — Fin_1.
If Fh,%”%H(SA) = p — i1, then Fiy(S) > ay,, and if G, s, (S) = K — Kn_1, then
G1(S) > k,,. This implies that F},(S) > a, for all h such that G}, (S) < &, forn € {1,...,N}.

For the opposite direction, suppose that Fh(S) > q for all h such that Gh(S)A < Ky for
n € {1,...,N}. This means that for all h € H and all n € {1,...,N}, Fp(S) > a, or
Gh(S‘) > Kin. Then, Fyan aniy (S) = (n — ani1) of Ghn 1 (S) = (K — #in—1). Then,
Fipn(S ) = (an — any1)(Kn — Kn-1), Fh(‘g) = DrDg Zgzl [(an — @nt1)(Kn — Kn-1)], and
F(8) = [H|DrDc Y, (0 = ) (ki — hin-1)] = Finaa- O
Lemma D.4 (Alternative form of LemmalA.3). Let Fj,(S) and G1,(S) be monotone non-decreasing

submodular functions, and let the sequences (a;—cu, +1)Y, and (k,,—kn 1) forn € {1,...,N}

be non-increasing [ Condition . Then, F (5’ ) from Deﬁnition is a monotone non-decreasing
submodular function.

Proof. Define dg(F, x) F(S @ x) — F(S). First, we show that 6 4(F, z) > 0 for all A and z:

ZCFZ [64(Fhn, )]

heH n=1
N

SD I DY [TV PPN
heH n=1

+04(Ghorn k1> @) (O — Ong1)
+ Fh,ﬁn,an+1 (A)Ghvﬂnv’in—l (A)

~ Prononis (A® DG, 1 (AD3)]
= Z [ anl) = Ghoinip s (A))(SA(Fhvanvo‘n+l’x)
€H n=1

+064(Ghmnin 1,8 (0 = ani1) = Frap,an1 (A® 1))

Note that (ki —kn—1) —Ghkp kins (A),04 (Fh Q1) r),04 Gho i 1> ), and (Qn—0ny1)—
Fh.a,, 11 (A @ x) are all non-negative. Thus, 6 4(F},, z) > 0, and F},(S) is non-decreasing.
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Next, consider any B such that A C B. Similarly,

N
23 e Y (5 = hnmt) = Gl (BN (P )

heH n=1

+ 63 (Gh7ﬁ7lYN7L71 ) x)((an - an+1) - than:an«}»l (B @ :L,))

Then, we show that forall A C B, §g(F,z) — da(F,z) > 0.

op(F,x) —8a(F,z) ZCFZ{ n = kn-1)(6B(Fran.ani1: @) = 64(Fhan,ani1, )

heH n=1
= Ghoponoin—1 (B)OB(Fh,am, a1, )
+ Ghornrn—1 (A)0A(Fr,an a1 @)
+ (n — an+1)(0B(Ghrpokn—1,T) = 04(Ghipoip_ 15 T))
—0B(Ghknin—1>%) Fran any, (B® )

+ 5A(Gh:'€n:'€n71 ’ :I:)Fh:anaan+1 (A 52 x)

Note that Gh Kn:"ini»l( ) S Gh7'€n7”in+1 (B) and Fh;an7an+l (A S ‘r) S Fh7an70¢n+1 (B D x)' Then’
6p(F,x) = 6a(F, ) <3,y Crly, where,
N

L =3 [ = )05 P 12) = 34(Fh 1,2))

n=1
- Gh:K/n:Kn—l (B)(sB (Fhva'rL:an+1 ) x) + Ghﬁnﬁn71 (B)CSA (Fhva'rL:a7L+1 B l‘)
+ (an = ant1)(68(Ghrnmpn—1,T) = 04(Ghnpory_15T))

- 5B(Gh»’§n1’§n—1 ) x)Fh,an,an+1 (B S l‘) + (SA(Gh,fin,ﬁnf1 ’ x)thotn704n+1 (B S5 .ZIZ):|

n=1

—

— Rn— 1 Ghv""nvﬁn—l (B))(5B (Fhvanvan+l ) :17) - 6A(Fh704n,0tn+1 ’ ZC))
(@ — ni1) — Fron s (B® )05 122) — 64 (G 1+ x))}

N
= | X = amr) = G (BN (Frn i 108) = 3r P n1,2))

n=1

N
4300 = i) = s (B ® 0)(65 (G 1:0) = 54(Grn 1)
n=1

Note that the sequence (k,, — kn—1) — Gk, k., (B) must take the form (0,...,0,a, kpy1 —
Knye - KN — Kkn—1) Where a € [0,k, — Kn_1]. Because of the restriction on the
values of k, — #,—1 (Condition D.2), this sequence is non-increasing.  In addition,

Zgzj 0A(Fhananii ) = Zn 10B(Fh,ap,anyi>x) for all positive integer j < N. Thus,
22[:1 (("En — bin—1) = Ghrn i (B )) (6B(Fh,an,ans1s®) = 04(Fha,,an41 %)) is nOD-positive.
Note also that the sequence (a;, — any1) — Fha,,a,. (B @ ) must take the form (o —

Qag,...,0p—1 — Qn,a,0,...,0) where « € [0,a, — apt1]. Because of the restriction
on the values of «a,, — ay4+1 (Condition @, this sequence is non-increasing. In addi-

tion, Zi:l 04A(Gh sy hip_1sT) > Zizl 0B(Gh,ky kn_1,x) for all positive integer j < N.
Thus, 2712721 ((an — Qpy1) — Fr.an,ania (Bo x)) (0B(Ghykpirin_1>T) — 5A(Gh,nmnn717x)) is
non-positive.

These two statements imply that dp (F, z) — d4(F, ) < 0, which means that F’ is submodular. [J
Theorem D.5 (Alternative form of Theorem [.6). Given Condition Algorithm [I] us-
ing Definition H.4| solves the multiple thresholds version of Problem |Z| using cost at most
(1 +ln (|H|DFDG SN (o — gt (i — nn_l)])) Goc.
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Proof. Lemma implies that satisfying the condition F' > F,,,, is equivalent to satisfying the
goal of smooth ISSC with multiple thresholds. Next, Lemma implies that F' may be used with
Algorithm [T]and have guaranteed performance bounds. Finally, Theorem shows that the upper
bound of Algorithm|l}is (1 + In(F},4,)) GCC. Plugging in the value of F,,,4,, the upper bound in
the multiple threshold case of smooth ISSC is then:

N
(1+In(Free)) GCC = <1 +In <|H|DFDG Z (o, — apa1)(Kn — /1,,,_1)]>> GCC,

n=1

giving Theorem O
D.3 Multi-Threshold with Monotone Circuits of Constraints

A simple method of reducing any monotone boolean circuit of constraints to a single con-
straint is introduced in [11]. To do so, they show that the OR of two constraints (Fi(S) >
a;) V (Fj(S) > «;) can be reduced to a single constraint F(S) = & with F(S) £ (o; —
min(F;(S), a;)) min(F;(S), o) + min(F;(S), a;)aj and @ = v, and they show that the AND
of two constraints (F(S) > a;) A (F3(S) > ;) can be reduced to a single constraint F'(S) = &

with F(S) 2 min(F(S), a;) + min(E;(S), ;) and @ = o + .

Note that Figure 3] expresses smooth ISSC as a monotone boolean circuit of constraints. Thus, the
reduction method from [[11] is directly applicable to smooth ISSC. The application of this reduction
method results in Definition

Definition D.6 (F and F,,,,, from Direct Reduction of a Monotone Boolean Circuit of Constraints).

Frn(S) 2 (mn — min(Gp(8), ﬁn)) min(Fy(S), an) + min(Gr (S), £n)cn,
N
Fu(S) £ Cp Y. Fun(S), O = DrDg,
n=1
R R N
F(8) 2 3" Fa(S), Fonar 2 [HIDFDG Y anin
heH n=1
This definition no longer has to satisfy Condition 4.5]or Condition[D.2]
Theorem D.7. Algorithm(I|using Definition [D.6|solves the multiple thresholds version of Problem

using cost at most (1 +1n (\H|DFDG 2712/:1 anﬁn>) GCC.

Proof. Definition[D.6]is equivalent to the original problem because it is reducing a ciruit of AND and
OR constraints. Theorem shows that the upper bound of Algorithmis (1 + ln(Fmaw)) GCC.

Plugging in the value of Fj,,;, the upper bound in the multiple threshold case of smooth ISSC is
then:

N
(1 + ln(FmM)) GCC = <1 +1In <H|DFDG Z Oénlin>> GCC,

n=1
giving Theorem [D.5] O
Notice that the approximation bound in this formulation is not strictly better or worse than the
approximation bound from Definition[d.4] Depending on the choice of thresholds, either formulation

can have a better approximation bound. In contrast, the approximation bound in this formulation is
never better than the approximation bound from Definition

E Details of Empirical Validation

E.1 Comparison of Methods to Solve Multiple Thresholds

This section describes the three settings from Section [5] used to compare the performance of our
method from Section [4.2] with the methods from Section
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In setting A, we constructed 100 hypotheses and 1000 queries. Each hypothesis is given a 50%
probability of responding “yes” when given a query, and a 50% chance of responding “no” when
given a query. In addition, each hypothesis-query pair given random utility of 0 or 1 and a random
distance of 0 or 1. The utility function F}, for each hypothesis is then defined as the sum of the
utilities for queries that it responded “yes” to, and the distance function G, for each hypothesis is
defined as the sum of the distances for queries where it’s response does not match the response of the
target hypothesis. The thresholds used were o; = {15,14,...,2,1} and x; = {1,2,...,14,15}.

In setting B, we use a non-interactive setting where only one possible response is available. We
constructed 30 hypotheses and 400 queries divided into two groups of 200 denoted as X queries and
Y queries. Each query is assigned to 3 random hypotheses. The presence of an X queries assigned
to a hypothesis will set F}, to 10, but extra X queries will not increase F}, further. In addition, F},
is increased by 6 for each Y query assigned to the corresponding hypothesis. G}, is not affected by
X queries, and is increased by 6 for each Y query assigned to the corresponding hypothesis. The
thresholds used where «; = {20, 10} and ; = {10, 20}.

Setting C is identical to setting B, except that F}, and G}, are swapped.

In Figure[d] we compare the costs of several different methods. In this figure, the costs from different
random instantiations of the experiment described above are sorted and then plotted in increasing
order.

Method Setting A Settings B and C

Multiple Threshold (Deﬁniti0n|4;4]) 1500 60000
Alternative (Definition [D.1) 1500 6000
Circuit of Constraints (Definition [D.6) 63000 12000

Table 1: F,,,, for the methods tested in Section

Table shows F}, 4, for the different methods. Notice that the approximation guarantee is worst
for the circuit of constraints method in setting A, where it had the best performance, and the ap-
proximation guarantee is worst for the multiple thresholds method in Settings B and C, where it was
tied for the best performing method. This indicates that the worst-case guarantee is not a reliable
estimate of the actual performance.

E.2 Validating Approximation Tolerances

This section describes the experimental setup from Section [5] The hypotheses are denoted H =
{h1,ha, ..., hso}. The queries are denoted Q = {g; ;|7 € {1,2,...,50},7 € {1,2,...,10}}. The
responses are “yes” and “no”, representing interest in the query by the hypothesis. Each cluster was
assigned 25 random hypotheses that are interested in it, and the target hypothesis was assigned 25
random clusters to be interested in. Let cp,, be the set of clusters that hypothesis £, is interested in.

Let ¢;(S) = {qijlai; € S,7 € {1,2,...,10}}. This is the set of queries that has been recom-
mended and is in cluster ¢. The utility functions are defined as the following:

Fi($) = 3 les(9)

J=Ch;

This definition of utility increases the hypothesis gets more queries it is interested in. How-
ever, redundant queries from the same cluster are given diminished weight. The distance func-
tions G}, are defined as the number of responses obtained that are different for the hypothesis be-
ing considered and the target hypothesis. The thresholds used were a; = {15,14,...,2,1} and
ki ={1,2,...,14,15}.
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