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Lecture 10:
Latent Factor Models &
Non-Negative Matrix Factorization
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CALTECH AI4SCIENGE 2ND

WORKSHOP

https://sites.google.com/view/
ai-for-science-workshop/home

Tom Miller Azita Emami David Van Valen Brandon Rothrock
Machine Learning for Brain/Computer Interfaces Deep Learning for Cellular Making Planetary Images_
Chemistry Biology Searchable

RSVP:

htt ps ://WWW. eve ntbrite . Com/e Aaron Ames Joe! Burdick Animesh Garg Sara Beery (Perona Group)
/Ca |teC h_a i4SCie nce_workshop_ Robotics & Control DARP?E:b;:gr:Pean Robotics at Nvidia Computer Vision in the Wild
registration-55391262758

Yuxin Chen Ellen Feldman Novoseller Zach Wu (Arnold Group) Yury Tokpanov (Atwater
) ) (Burdick Group) . . Group)
Active Learning using Active Learning for Protein
Gaussian Processes Active Learning for Spinal Engineering Active Learning for
Cord Therapy Nanophotonics
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Today

* Some useful matrix properties

— Useful for Homework 5

e Latent Factor Models

— Low-rank models with missing values

* Non-negative matrix factorization



Recap: Orthogonal Matrix

* A matrix U is orthogonal if UUT=U'U = |

— Forany columnu: u'u=1

If x’ = U, then x = UX’

For any two columnsu, u’: u'u’=0

U is a rotation matrix, and UTis the inverse rotation
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Recap: Orthogonal Matrix

* Any subset of columns of U defines a subspace

1 T
X = Ul:Kx

Transforminto new coordinates
Treat U, as new axes

pI’OlezK (x) = UI:KUKKX

Project x onto U, in original space
“Low Rank” Subspace
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Recap: Singular Value Decomposition

DxN
X = [xl,...,xN] & Re™
X=U ZV
T '\ Orthogonal
Orthogonal  Diagonal
N
T 2
EHxi ~ UI:KUI:KxiH
i=1
“Residual”
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SVD

Ul:K iS the K'dim
subspace with
smallest residual



Recap: SVD & PCA

XX =UAU" PCA
/

Orthogonal Diagonal

X=U ZV SVD
T '\ Orthogonal

Orthogonal  Diagonal
xx” = (UZVT)(UZVT)T _USVVSUT =USUT
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Recap: Eigenfaces

e Each col of U’ is an “Eigenface”
* Each col of V'T = coefficients of a student

VT

AN
) A @

| i '

225000-dimensional! : ~

Avg
Face

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization 8



Matrix Norms

= [ 2% = [ D0
ij d

= E()’d = trace(\/XTX)
d

* Frobenius Norm |x

* Trace Norm |x

X=UxV"'

Each o4 is guaranteed to be non-negative o,
By convention: 6,20,2..20p20
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Properties of Matrix Norms

|x 12% = trace(XTX) = trace((UZVT )T UZVT)
= trace(VZzVT) = trace(ZzVTV)
= trace(Zz) = E()’j
d
X=UzV"'
Each o4 is guaranteed to be non-negative o
By convention: 6,20,2..20p20 5 _ o,
trace(ABC) = trace(BCA) = trace(CAB) _ Op |
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Properties of Matrix Norms

|x]). = trace(\/(UZVT)T Usv’ ) = trace(\/VZ U'uzv’ )

= trace(\/ vasv! ) = trace( 750 74 ) = trace(VZVT)

= trace(ZVTV) = trace(Z) = Egd

d
T
X=UxV
Each o4 is guaranteed to be non-negative o
By convention: 6,20,2..20p20 . o,
trace(ABC) = trace(BCA) = trace(CAB) _ op |

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization 11



Frobenius Norm = Squared Norm

e Matrix version of L2 Norm:

2 2 2
o= 2% = D0,
ij d

X

e Useful for regularizing matrix models

X=Uzv' -
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Recall: L1 & Sparsity

* wis sparse if mostlyO’s:

wl| = M1
— Small LO Norm . g[w"ﬁo]

 Why not LO Regularization?

. N
— Not continuous! argmin Aw], + 3 (3, - w'x,)’

i=1

* L1 induces sparsity N ,
_ . argmin A |w|+ E(yi = wal.)
— And is continuous! w i

Omitting b &

for simplicity
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Trace Norm = L1 of Eigenvalues

e A matrix X is considered low rank if it has few non-
zero singular values:

HX = E 1 Not continuous!
Rank [0d>0]
d

X

= Ead _ trace(« /XTX) aka “spectral sparsity”
d

X=Uzv' -
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Other Useful Properties

e CauchySchwarz:

2
F

(A,B)’ =trace(A"B)’ <(A,A)(B, B) = trace(A” A)trace(B" B) =||A||. || B]|
*  AM-GM Inequality:

Al = lIAl 18] < %(IIAIIZ +[BIF)  True for any norm
. Orthogonal Transformation Invariance of Norms:

||UA||F - ||A||F ”UA” - ”A” If U is a full-rank orthogonal matrix

* Trace Norm of Diagonals

||A||* = 2|Aﬁ| If A is a square diagonal matrix
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Recap: SVD & PCA

e SVD: X=Uxv"

* PCA: xXx' =UzU"

e The first K columns of U are the best rank-K

subspace that minimizes the Frobenius norm
residual:

HX - Ul:KUfKX

2

Fro
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Latent Factor Models
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Netflix Problem

N Movies

T

™\ “Latent Factors”

Y e

M Users

* Y;=rating user i gives to movie ] Y, =U; v

* Solve using SVD!
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| The Color Purple|

Geared
toward <

Sense and
Sensibility

O

Example

Serious

Amadeus

|Braveheart

I

[ Lethal Weapon |

||0ceads11| h t

females

-y

=

The Princess
Diaries

The Lion King

i 4

Geared

Independence| |.

Day

males

Dumb and
| Dumber

Escapist

http://www2.research.att.com/~volinsky/papers/ieeecomputer.pdf
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Actual Netflix Problem

N Movies

' -

T

™~ “Latent Factors”

M Users

(missing values)

* Many missing values!
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Collaborative Filtering

* M Users, N Iltems
* Small subset of user/item pairs have ratings
* Most are missing

* Applicable to any user/item rating problem

— Amazon, Pandora, etc.

* Goal: Predict the missing values.

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Latent Factor Formulation

* Only labels, no features S={y;}

* Learn a latent representation over users U and
movies V such that:

2 T 2
Fro + E(yij B ui vj)
]

2
+
Fro

argmin A (”U
vv o 2

v

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization 22



Connection to Trace Norm

 Suppose we consider all U,V that achieve perfect
reconstruction: Y=UV'

* Find U,V with lowest complexity:
2
‘V Fro)
 Complexity equivalent to trace norm:

Vi, )

+

Fro

argmm (HU
Y=Uv’

I¥[. = min (U

y=uv" 9

+
Fro

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Proof (One Direction)

We WI” prove: ||Y|| = ;Ilfgl (”A Fro |B Fro) Y = UZVT
SVD
Choose: A=UZ, B=VZ

Then:  mind(1af I, <L oz, <],
l(tlrace( Uf )+trace( Vf) (V\/E)))
(trace(fU Uf)+trace(fV V\/E))
= _(trace(\/E\/E) + tface(\/g\/g))

2
= —(trace(E) + trace(Z)) = trace(Z) = ||Y||*

[E—

DN | =
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Interpreting Model

* Latent-Factor Model Objective

2 T 2
Fro + E(yij B ui Vj)
]

v

2
+
Fro

A
“(Ilu
ar%?1n2(||

 Related to:

Find the best low-rank

, 2
argvlgllnl||W||* +E(yij _W"j) approximationto Y!
ij

|W|. = min l(||U||im +||V||]2%) Equivalentwhen U,V = rank of W

w=uv' )
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User/Movie Symmetry

2
+
Fro

. A
—||U
ar%?1n2(||

14

12%)+2(yv‘ "“‘iTVf)z

ij

* |f we knewV, then linear regressionto learn U
— Treat V as features

* |f we knew U, then linear regression to learn V
— Treat U as features
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Optimization

otV
ro

ar%r‘rllin%(”U 12%) + Ewif (yl.j = ul.ij)z w, €40,1}
, -

* Only train over observed Vi

* Two ways to Optimize
— Gradient Descent

— Alternating optimization
* Closed Form (for each sub-problem)

— Homework question

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Gradient Calculation

argmin — (”U
uyv

+v

Fm) Ea) (yl]—u Vv, )

Fro

d, =AU, - Ea)ljj(yy—uv)

Closed Form Solution (assumingV fixed):

o] g,

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization

28



Gradient Descent Options

e Stochastic Gradient Descent

— Update all model parameters for single data point

e Alternating SGD:

— Update a single column of parameters at a time

U, =Uu; - naui
d,, = Au; - Ea)l.jvj (yif' - u"va)
J

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization 29



Alternating Optimization

* |nitialize U & V randomly
* Loop

— Choose next u; or v;

— Solve optimally:

-1
U, = ()LIK + Ea)ljvjvf) (Ea}ijyljvj)
j j
* (assuming all other variables fixed)

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Tradeoffs

e Alternating optimization much faster in terms of
Hiterations
— But requires invertinga matrix:

1
(E%’y ij"j)
J

T
U, = ()LIK +Ea)ijvjvj
j

* Gradient descent faster for high-dim problems

— Also allows for streaming data

U, =u, — 7]8%_

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Recap: Collaborative Filtering

* Goal: predict every user/item rating
* Challenge: only a small subset observed

* Assumption: there exists a low-rank subspace
that captures all the variability in describing
different users and items

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Aside: Multitask Learning

e M Tasks: S = {(xi,y;")}il
argvrvnin%R(TWH 522(% - wixi)2
Regularizer

* Example: personalized recommender system

— One task per user:

I
al Al &b
I
Al Al ai
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How to Regularize?
2 m m N
argvrvnin%R(WH%;Z(yi—wixi) 5 ={(xi’yi )}i=1
e Standard L2 Norm:

argmin 2 |W[+ S (3wl =3

* Decomposesto independent tasks

— For each task, learn D parameters
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How to Regularize?

2 m m N
argvrvnin%R(WH%;z(yi—wixi) 5 ={(xi’yi )}i=1

* Trace Norm:

argmin Z[W], + 33 (5wl

* Induces W to have low rank across all task
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Recall: Trace Norm & Latent Factor Models

 Suppose we consider all U,V that achieve perfect
reconstruction: W=UV'

* Find U,V with lowest complexity:
V)

 Complexity equivalent to trace norm:

Fro)

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization 37
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argmm (HU
w=uvT

. = min (|

w=uv’ )

+||V

Fro



How to Regularize?

2 m m N
argvrvnin%R(WH%;Z(yi—w;xi) S ={(xl.,yl. )}l

* Latent Factor Approach

VI +5 2 D (- )

m i

2
+
Fro

argmin&(”U
vy 2

e Learns a feature projection x’ = Vx
* Learns a K dimensional model per task

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Tradeoff

* D*N parameters:

argvrvninz %me “2 + %E()’i - W;xi )2]

i

e D*K + N*K parameters:

V)5 S S l-wva)

— Statistically more efficient
— Great if low-rank assumption is a good one

+

Fro

argmm (”U
uyv

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Multitask Learning

* M Tasks: " ={Cx)

=]
> 4y ir0)+%zz(y?—u;‘/xi)2

Fro ||

A
— (| U
ar%?1n2(||

m l

* Example: personalized recommender system

— One task per user:

— If x is topic feature representation

* Vis subspace of correlated topics

* Projects multiple topics together
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Reduction to Collaborative Filtering

gm0, oV, Jo 2SS0 -vs) 5,
* Suppose each x; is single indicator x.= e 6

x,=| 1
¢ Then: sz = Vi 0

* Exactly Collaborative Filtering!

VI )5 2307 i)

_|_
Fro

argmm (”U
uyv
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Latent Factor Multitask Learning vs
Collaborative Filtering

SN EEAR)

* Projects xinto low-dimensional subspace Vx

+|V

Fro

argmin — (”U
uyv

* Learns low-dimensional model per task

1 "
F) 5;2(% ~u)

* Creates low dimensional feature for each movie

+ ||V

Fro

argmin — (”U
uy

e Learns low-dimensional model per user

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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General Bilinear Models

2
Fro + ||V

. A 2 2
argmin 2 (JUL, + VI, )« S -0"vx) = {exz)

* Users described by features z
* |tems described by features x

* Learn a projection of zand x into common
low-dimensional space

— Linear model in low dimensional space

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Why are Bilinear Models Useful?

argr;nn (”U Fm+ Fm) EE( = U v) \L/J:: II\\]/IXXKK

U: MxK

argmin ([0, +IVI,, J+ 3 S (n-wive) o

argl}/lln (“U Fro T |V iro)-l_%z(yi _ZiTUTvxi)z \L/J; [I;))((Ié
S ={(x.z,3)}
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Story So Far: Latent Factor Models

2
Fro

12%) + lz(yi - ZiTUTVXi)z S = {('xi’zi,yi)}

A
— (U
ar%l’r‘rlnn ; (” :

+|V

i

* Simplest Case: reduces to SVD of matrix Y
— No missing values
— (z,x) indicator features

* General Case: projects high-dimensional

feature representation into low-dimensional
linear model
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Aside: Non-Linear “Projections”

1% im)"'lz(yi _ZiTUTVXi)z S={('xi’zi,yi)}

. A
Z(lu
ar%l}/lln 2 (” Fro || 2

i

* Vxis a linear mapping

— From x to low-dimensional space

e Can also learn non-linear mapping
— E.g., the hidden layer activations of a neural net

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Non-Negative Matrix Factorization

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Limitations of PCA & SVD

All features
non-negative

PCA/SVD
Solution

Better Solution?

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Non-Negative Matrix Factorization

K N

_ v

T

™\ “Latent Factors”

* AssumeY is non-negative
* Find non-negative U & V
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CS 155 Non-Negative Face Basis

1.2115, 65.8148 1.0074 , 25.5445 4.3367e-05, 10.4963 1.6509e-14 , 74.2559

ﬁll.

0.0051823 , 22.7243 0.00018793 , 47.4285 0.00013031 , 0.0030271 0.72466 , 43.8015

0.72476 , 2.9965e-07 0.93853 , 32.0409 2.7428e-17 , 58.3427 0.92044 , 2.899
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CS 155 Eigenfaces

24.138 , -29.3105 -24.9924 , -2.3168 -50.2606 , -16.9522 6.1785, 3.4943
I : | l
36.4135, -3.6669

13.5041 , 22.731 17.7202 , -8.7631

.

B

-51.484 , 8.5238 6.7881 , -2.3789 6.5127 , 7.5933
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Aside: Non-Orthogonal Projections

* If columns of A are not orthogonal, A'A#l
— How to reverse transformation x’=A"x?

— Solution: Pseudoinverse!

T
A=U2ZV Intuition: use therank-K orthogonal
SVD basis that spansA.
T
At =VZ'U AYA'x=UZV'VEU" x

Pseudoinverse T
= UI:KUI:K'X
o 0 - 0
S
o - 0 o,

o = 1/0 ifo>0
0  otherwise
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Objective Function

argmmzé(yl],u V)

U=0,V=0

e Squared Loss:
— Penalizes squared distance

* Generalized Relative Entropy
— Aka, unnormalized KL divergence

— Penalizesratio

* Trainusing gradient descent

http://hebb.mit.edu/people/seung /papers/nmfconverge.pdf

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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SVD/PCA vs NNMF

« SVD/PCA: e NNMEF:

— Findsthe best orthogonal — Finds best set of non-negative

basis faces basis faces
* Basisfaces can be neg. — Non-negative coeffs

— Coeffscan be negative e Often non-overlapping

— Often trickier to visualize — Easierto visualize

— Betterreconstructions with — Requires more basis faces for
fewer basis faces good reconstructions

* Basisfaces capturethe
most variations
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Non-Negative Latent Factor Models

2
+
Fro

14

. A 2
argmin ([0, + VI, )+ Ze(02UVe) 5= {nzn)

* Simplest Case: reduces to NNMF of matrix Y
— No missing values

— (z,x) indicator features

* General Case: projects high-dimensional non-
negative features into low-dimensional non-
negative linear model
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Modeling NBA Gameplay Using
Non-Negative Spatial
Latent Factor Models

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Fine-Grained
Spatial Models

e Discretize court

— 1x1 foot cells
— 2000 cells

* 1 weight per cell
— 2000 weights

F (x):

40 feet
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Fine-Grained
Spatial Models

 Discretize court
— 1x1 fant cells

0 \/

0 AV E

played that much!

F (x):

40 feet
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D
K
M Locatlon Factors
\ Player Factors

ool NN G

Visualizing location factors L

@i

Kawhi Carmelo Dirk Dion John Tim Kyrie Shawn Jeremy David
Leonard Anthony Nowitzki ~ Waiters Wall Duncan Irving Marion Lin Lee

Visualizing players B, L

http://www.yisongyue.com/publications/icdm2014_bball_predict.pdf

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization 60



Training Data

STATS SportsVU
2012/2013 Season, 630 Games,
80K Possessions, 380 frames per possession

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Prediction

* Game state: x

— Coordinates of all players
— Whois the ball handler

* Event:y

— Ball handler will shoot

— Ball handler will pass (to whom?)
— Ball handler will hold onto the ball

— 6 possibilities

* Goal: Learn P(y|x)

http://www.yisongyue.com/publications/icdm2014_bball_predict.pdf

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Logistic Regression
(Simple Version: Just for Shooting)

_ expiF(yIx)] Z(x|F)= exp{F(y'lx)
PO = Z(x|F) yazs,u { }

F.(x) y'=s Shot

F(y'lX)=< i K D
Fl y'=1l Holdonto ball Q QE\K
/ L

Offset or bias \
1

Ply=s1x)= 1+exp{-F,(x)+F,}
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Learning the Model

* Given training data: ?(x,y)}
Player I

Configuration What Happened
Next

* Learn parameters of model:

MEI + N ((y.F, (x)-F,)

argmin —
(x,y)ES\ ; J

E.F 2
1 T

1+exp{—Fs(x)+Fl} Log Loss

F

A

P(y=slx)=

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization 64



Optimization via Gradient Descent

argmin _(||B|| +|L] ) + 3 (3Bl Ly - F.)

B=0,L=0,F, (x,y)

dlog P(ylx)
aL,. = }’ILi - 2 gaLy

(x,y) i

D K D
dlogP(ylx) hi'(
aLi B (1[y=S] ) P(S | x))Bb(x) M L'o\catio Fact
\PlayerF t

http://www.yisongyue.com/publications/icdm2014_bball_predict.pdf
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Where are PIayers Likely to Receive Passes?

Enforce Non-Negativity
(Accuracy Worse)
(More Interpretable)

Locatlon Factors

PIayer Factors

YD) 1 12D) |24 >

E@D

-

Visualizing Location Factors M

9 (] D) >

Tony Dirk LeBron Monta Manu David Jose Chandler Goran Joachim
Parker Nowitzki James Ellis Ginobili Lee Calderon Parsons Dragic Noah

http://www.yisongyue.com/publications/icdm2014_bball_predict.pdf
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How do passes tend to flow?

H H O Locahon .

Source Location Factors

.
T

http://www.yisongyue.com/publications/icdm2014_bball_predict.pdf

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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How do passes tend to flow?

D K D
-~ q, |
— [} \
D - D Q]_ Target Location Factors
. D . .

Source Location Factors
ax %

Passing From “X”

FE

Passing To “X”
http://www.yisongyue.com/publications/icdm2014_bball_predict.pdf
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Tensor Latent Factor Models

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Tensor Factorization

K

st
=ﬁ“Q

(Missing Values)

Lecture 10: Latent Factor Models & Non-Negative Matrix Factorization
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Tri-Linear Model

2 2
+ +
Fro Fro

v

W

alzjginwln%(”U 12%) + Zé(yi,<UTzi,VTxi,WTqi>)

* Prediction via 3-way dot product: (a.b,c)= Y ab.c,

— Related to Hadamard Product ¢

* Example: online advertising Solve using
. Gradient Descent
— User profilez

— ltem description x
— Queryq
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Summary: Latent Factor Models

Learns a low-rank model of a matrix of observationsY

— DimensionsofY can have various semantics

* Can tolerate missing valuesinyY

 (Can also use features
N

N Movies K
A

T

 Widelyused in industry

M Users
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Next Lecture

* Embeddings

e Word2Vec
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